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Recap: Size Hierarchy Theorem
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𝑆𝐼𝑍𝐸(𝑠)

𝑆𝐼𝑍𝐸𝑛(
2𝑛

10𝑛
), many f.

All 𝑛-bit functions, 0, 1 𝑛 → {0, 1}

𝑆𝐼𝑍𝐸 𝑠

10𝑛 < 𝑠 < 0.1 ⋅ 2𝑛/𝑛

𝑆𝐼𝑍𝐸(𝑠 + 10𝑛) Exists function here

𝑆𝐼𝑍𝐸(𝑠 + 20𝑛)

𝑆𝐼𝑍𝐸(𝑠 + 30𝑛)

Exists function here

Exists function here, …



Is it surprising?

• Functions are often 𝑂 𝑛 , 𝑂 𝑛 log 𝑛 , 𝑂 𝑛2 , …

• Number of (n-bit input) functions?
22

𝑛

• Number of “layers” = different sizes?
2𝑛/𝑛

22
𝑛
≫ 2𝑛/𝑛
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Universal Circuits
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Recap: Representing Circuits as Bits
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def CIRCUIT(X[0],X[1]):
    temp2 = NAND(X[0],X[1])
    temp3 = NAND(X[0],temp2)
    temp4 = NAND(X[1],temp2)
    temp5 = NAND(temp3,temp4)
    return temp5

2, 1 // 2-bit in, 1-bit out
0, 1 // 1st line. 0 and 1 are input
0, 2 // 2nd line. 2, 3, … are temp
1, 2 // 3rd line (and so on
3, 4
5 // return, one line per bit

0: n,  m

n: 𝑣𝑛,1,  𝑣𝑛,2
n+1: 𝑣𝑛+1,1, 𝑣𝑛+1,2
…

last: 𝑟1, 𝑟2, … 𝑟𝑚

1 line: 
input & output lengths

ℓ lines: 
one NAND per line

𝑚 lines: 
one output bit per line



Universal Circuit/Program
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Figure 5.6 from TCS Book

program 𝑈 takes a program description 𝑃 and input 𝑥 as its input, and 
“simulates” running 𝑃 on 𝑥:

𝑈 𝑃, 𝑥 = 𝑃(𝑥)



Parameters of 𝑈𝑠,𝑛
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P computes 𝑓: 0,1 𝑛 → 0,1 𝑚

𝑛: P computes 𝑛-bit input function
𝑠: Circuit size (num lines) of P

( 𝑚: P outputs 𝑚 bits; 𝑚 = 1 this class)



Circuit Size of 𝑈𝑠,𝑛
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• Input size of 𝑈𝑠,𝑛?

Inlenth, 𝑡 = |P| + |x| =

• Implement U via LOOKUP?

Size(U) = 2𝑡 (bad)



Efficient Universal Circuit?

• We want 𝑈𝑠,𝑛 of smaller circuit size 
Ideally, polynomial in 𝑠

• Is that possible?

• Idea: write the “algorithm” in Python
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Universal Circuit, Python version

def 𝑈𝑠,𝑛(P = (𝑔0, 𝑔1, … , 𝑔𝑠), x):

# len(x) is 𝑛

mem = x.append([0] * 𝑠)

for 𝑖 in range(𝑠):

mem[𝑛 + 𝑖] = NAND(mem[𝑔𝑖[0]], mem[𝑔𝑖[1]]

return mem[𝑛 + 𝑠 − 1]
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Universal Circuit, Picture version
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x

x

P = (𝑔0, 𝑔1, … , 𝑔𝑠)

For each gate 𝑔𝑖:
mem[𝑛 + 𝑖] = NAND(mem[𝑔𝑖[0]], mem[𝑔𝑖[1]]

𝑛 + 𝑖

mem



Universal Circuit, full picture
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x

x

P = (𝑔0, 𝑔1, … , 𝑔𝑠)

Gate 𝑔0: mem[𝑛 + 0] = NAND(mem[𝑔0[0]], mem[𝑔0[1]]

mem

𝑛 + 0

Gate 𝑔1: mem[𝑛 + 1] = NAND(mem[𝑔1[0]], mem[𝑔1[1]]
…
…



Universal Circuit, full picture
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x

x

P = (𝑔0, 𝑔1, … , 𝑔𝑠)

Gate 𝑔0

mem

𝑛 + 0

𝐿𝑂𝑂𝐾𝑈𝑃𝑛+𝑠

𝑈𝑃𝐷𝐴𝑇𝐸𝑛+𝑠

…
…



Size of Universal Circuit

• For each of 𝑠 gates:

– 2 LOOKUP, size 𝑂 ℓ , ℓ = 𝑠 + 𝑛

– 1 NAND

– 1 UPDATE, size 𝑂(ℓ log ℓ)

• Total: 𝑂 𝑠ℓ log ℓ = 𝑂 𝑠3 ≪
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Why (implement) Universal Circuit?

Similar: 

- Implement Python interpreter in Python

- Write C/C++ compiler in C/C++ …

(maybe similar: OS runs virtual machine which runs another OS)
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Functions with Infinite Domains
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So far…

We saw how to compute by Boolean circuits that use: 
AND, OR, NOT, NAND, etc. gates.

A Boolean circuit 𝐶𝑛 has a fixed number 𝑛 of input bits.

Yet, it can compute all functions with fixed 𝑛 input bits.

What if we do not know the input length at first?
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We want one “algorithm” for multiplying numbers
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Functions with infinite input space

We would like to compute functions like multiplication

Formally, it would be a function 𝑓 ∶ 0,1 ∗ → 0,1 ∗

0,1 ∗ = {𝜖, 0,1,00,01,10,11,… } is an infinite set, 
but it does not contain any infinitely long input.
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Focusing on Boolean functions

𝑓 ∶ 0,1 ∗ → {0,1} with one bit of output is called a Boolean function.

In contrast a Boolean circuit, could have longer outputs, but it was called 
Boolean because its internal wires were Boolean.

Functions with longer than one output can be “Booleanized” 

Example:
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Terminology: “Language”

A Boolean function 𝑓 ∶ 0,1 ∗ → {0,1} defines a 
corresponding set 𝐿𝑓 = 𝑥 𝑓 𝑥 = 1} ⊆ 0,1 ∗

Any 𝐿𝑓 ⊆ 0,1 ∗ is also called a language.

So, 𝑓 𝑥 = 1 ↔ “𝑥 belongs to language 𝐿𝑓”

22

TCS, 6.1.2: “This name (‘language’) is rooted in formal language theory as pursued by linguists such as 
Noam Chomsky.” It is wildly used.



Deterministic Finite Automata



A new simple computing model

Fixed constant-size memory

Reading input 𝑥 = 𝑥1…𝑥𝑛 as a stream of bits (once)

Decide if 𝑓 𝑥 = 1 or not at the end



Example: detecting a particular sub-string 



Another Example: XOR

For 𝑥 = 𝑥1…𝑥𝑛 let  𝑋𝑂𝑅 𝑥 = 𝑥1 ⊕𝑥2…⊕ 𝑥𝑛

As we read through the bits, we only need one bit of memory 𝑏
that determines the XOR so far.

This can be depicted using a graph 
− Two nodes (encoding the bit 𝑏)
− We start from 𝑏 = 0
− We change 𝑏 iff 𝑥𝑖 = 1.
− We accept (output 1) if we end up at 𝑏 = 1
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Formal Definition of FA

Introduction to the Theory of Computation. Sipser 2006.

https://search.lib.virginia.edu/sources/uva_library/items/u2911801


Example:



Formal definition of FAs accepting inputs



Charge
Universal Circuits

Efficient implementation

Deterministic Finite Automata
Compute on infinite domains
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PS5: will be posted this week
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