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23456/6/... x
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Recap: Size Hierarchy Theorem

Theorem 3.5 (Size Hierarchy Theorem)

For every sufficiently large n and 10n < s < 0.1 - 2" /n,

SIZE,(s) C SIZE,(s + 10n) .
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“bit functions, {0, 1} — {0, 1}

SIZE, (12()—n), many f.

SIZE(s + 10n)
SIZE(s)
10n<s<0.1:-2"n

E(s + 20n)

SIZE (s + 30n)




s it surprising?

* Functions are often 0(n), 0(nlogn), 0(n?), ...

* Number of (n-bit input) functions?
22"
* Number of “layers” = different sizes?
2" /n
22" > 2" /n



Universal Circuits



Recap: Representing Circuits as Bits

def CIRCUIT(X[O],X[1]):

temp2 = NAND(X
temp3 = NAND(X

return temp5

temp4 = NAND(X] ,
temp5 = NAND(temp3temp4)

0],X[1])
0],temp?2)
1],temp?2)

_________________________________________________________________

input & output lengths

£ lines:
one NAND per line

m lines:
one output bit per line

2,1 //2-bitin, 1-bit out
0,1 //1stline.0and 1 are input
0,2 //2ndline. 2,3, ... are temp
1,2 //3rd line (and so on

3,4

5

// return, one line per bit

O: n, m

n: vn’l, vn’z
n+1: Vyi11,  VUn+s12
last: 1,75, ... oy,




Universal Circuit/Program

CWCUL l-t Figure 5.6 from TCS Book
P

U [>U(p, %) = P(x)

X

| TOTTOTTLT |‘ OTOTTOTTOTTOTTOTTO0TO ‘

program U takes a program description P and input x as its input, and
“simulates” running P on x:
U(P,x) = P(x)
Theorem 5.9 (Bounded Universality of NAND-CIRC programs)
For every s,n, m € N with s > m there is a NAND-CIRC program Us nm that computes the
function EVAL; , -



Parameters of Ug ,,

U [>U(p, %) = P(x)

(@omputes f:{0,1}" - {0,1}™

n: P computes n-bit input function
s: Circuit size (num lines) of P

( m: P outputs m bits;[m = } this class)




Circuit Size of Us ,

* Input size of Ug ,?
U |ovenne Inlenth, t = |P| + | x| =O(5{j5)f//l
éf\

* Implement U via LOOKUP?

=OE6L3 fime t to 1 SFEN
y

Size(U) = 2¢ (bad)



Efficient Universal Circuit?

* We want U ,, of smaller circuit size
Ideally, polynomialins = O CS%>

* |s that possible?

* |dea: write the “algorithm” in Python



Universal Circuit, Python version

def Us (P = (90, 91, ---» Gs), X):
# len(x) isn

@= x.append([0] * s)
for i in range(s):
mem(n + i] = NAND(mem[g;[0]], mem[g;[1]]
return mem[n + s — 1]



Universal Circuit, Picture version

P=(g0,g1,...,gs) X

For each gate g;:
mem[n + i] = NAND(mem{[g;[0]], mem[g;[1]]
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Universal Circuit, full picture

P= (gOi 91, 'gS,),‘

X

j

Ve

X

 —

|

n+0
<

[‘ Gate g;: mem[n + 1] = NAND(mem[g,[0]], mem[g4[1]]

T

Gate go: mem[n + 0] = NAND(me

n@, mem]]
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Universal Circuit, full picture

P= (g01g1""'gs) X
X mem {\Q\,S
1 LOOKUP—
Y] Sy Gate g, \
UPDATEy sy TS
T e )

C

\/

l

e~ )

V=)

13



Size of Universal Circuit

* For each of s gates:
— 2 LOOKUP, size O(¥),? =s +n
— 1 NAND
— 1 UPDATE, size O(£ log )

S
* Total: O(sflog?®) = 0(s?) K



Why (implement) Universal Circuit?

%ﬁ%& oqpvagQ b0 aY shrios
Similar: WIME  search o ckl Cog Fun,
- Implement Python interpreter in @ ; —
v NLL

- Write C/C++ compiler in C/C++ ...
\

(maybe similar: OS runs virtual machine which runs another OS)

oh < N4
O & ™ i N
1, VL,

- -

foR - 15



HEIRTEEICEEEM DR INECELEDELREthe notion of universality or self reference of computation, which is

he sense that all reasonably rich models of computation are expressive enough that they can “simulate

OENEE = | he importance of this phenomenon to both the theory and practice of computing, as well as
far beyond it, including the foundations of mathematics and basic questions in science,
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Functions with Infinite Domains



So far...

We saw how to compute by Boolean circuits that use:
AND, OR, NOT, NAND, etc. gates.

A Boolean circuit C,, has a fixed number n of input bits.
Yet, it can compute all functions with fixed n input bits.

What if we do not know the input length at first?

18



We want one “algorithm” for multiplying numbers

World's most boring fourth grade class

Day 1

Today we'll learn
to multiply 1 digit
nhumbers

Day 2

Today we'll learn

to multiply 2 digit
nhumbers

Day 3

Today we'll learn

to multiply 3 digit
humbers

Day 4 i':c-i;y we'll learn

to multiply 4 digit
numbers

Day 365

oday we'll learn

to multiply 365
digit numbers

23456/6/7... x

57673432...




Functions with infinite input space

We would like to compute functions like multiplication

Formally, it would be a function f : {0,1}" — {0,1}"

10,1} = {¢,0,1,00,01,10,11, ... } is an infinite set,
but it does not contain any infinitely lohg input.

gﬁ\ﬁ?ﬁc\ Loy 7 > 7o, 7Y
(o no}( Zsm?\ qR(v}uL( En ﬂg ,



Focusing on Boolean functions

[
f 10,1} -{{0,1} with one bit%f output is called a Boolean function.

W\@'Q"(T/f\m j.

In contrast a Boolean circuit, could have longer outputs, but it was called
Boolean because its internal wires were Boolean.

Functions with longer than one output can be “Booleanized”

Example:
ithbitof x-y i < l|x-y

BMULT(z,y,1) =
0 otherwise
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Terminology: “Language”

VN
BEQ‘FE?WHCUOH f :+10,1}* - {0,1} defines a

corresponding set Ly = {x | f(x) = 1} < {0,1}"
Any L € {0,1}" is also called a language.

So, f(x) =1 <> “xbelongstolanguage L;”

TCS, 6.1.2: “This name (‘language’) is rooted in formal language theory as pursued by linguists such as
Noam Chomsky.” It is wildly used.
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Deterministic Finite Automata



A new simple computing model

Fixed constant-size memory
Reading input x = x4 ... x,, as a stream of bits (once)

Decide if f(x) = 1 or not at the end



Example: detecting a particular sub-string

a =S =
\
FIGURE 1.22 ?\hC\\ACCQ(Pt ,
__Accepts strings containing 001

S < 0110 Q,y\o\ é/‘o

Ss/= 0010



Another Example: XOR
R

Forx = x;..x, let XOR(x) =x1 D x,..D x,

R (X@(XDE(M 2 ), \<>t>
As we read through the bits, we only need one bi
that determines the XOR so far

This can be depicted using a graph
— Two nodes (encoding the bit b)
- We start from b = 0
- We change b iff x; = 1.
- We accept (output 1) ifweendupatb =1

><<.)'~

of memory b
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Formal Definition of FA

A finite automaton is a S-tuple (Q), X, 9, qo, F'), where

1. Q 1s a finite set called the states,

\3/‘2. Y 1s a finite set called the alpbabet, FD/ I'i
3. 0: Q x X—Q 1s the transition function,

4. qo € Q 1s the start state, and
5. F C Q@ 1s the set of accept states.

l . Sipser 2006.


https://search.lib.virginia.edu/sources/uva_library/items/u2911801

5. F =

1. Q
2.9 =1{01,
3.0

1s described as |

FIGURE 1.22
Accepts strings containing 001

B
toy

fuy

4. ?\ 1s the start state, and

a Cc,g(ff



Formal definition of FAs accepting inputs

Let M = (Q,%,9,qo, F') be a finite automaton and let w = wyws -- - w, be
a string where each w; is a member of the alphabet X. Then M accepts w if a

sequence of states 1o, 71, ..., 7, in Q) exists with three conditions:
L. ro = qo,
2. 0(rj, Wig1) = Tiy1, tori=0,...,n—1, and

3.1, € F.



Charge

Universal Circuits
Efficient implementation

Deterministic Finite Automata
Compute on infinite domains

PS5: will be posted this week
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