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Recap: Regular Expressions

Searching patterns with simple rules. 

Example: we want a string of zeros only or ones only of 
length at least 2 

We denote them as: 00 0∗ 11(1∗))
− 00 simply means string 00
− 0∗ means repeating 0 zero, or one, or two, or … times.
− | means OR
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Many variants!

• (Linux command line, eg, Bash) 
*.pdf: any string ends with ‘.pdf’

• PRR5
.*\.pdf: any string ends with ‘.pdf’
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3https://docs.python.org/3/library/re.html#regular-expression-syntax 

Python: ‘re’

10+ pages…

https://docs.python.org/3/library/re.html#regular-expression-syntax


Regular expressions
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For simplicity:
We consider matching (searching) on binary strings



Writing valid “regular expressions” using 
“regular operations”



Syntax (Definition of Reg. Exp.)

• Alphabet Σ = {0,1}

• Special symbols: ( , ) , * , | , ∅ , “”

1. 𝑒 =  0, 1, ∅, or “”

2. 𝑒 = 𝑒′ |(𝑒′′) (OR)

3. 𝑒 = 𝑒′ 𝑒′′ (concatenation)

4. 𝑒 = 𝑒′ ∗ (Kleene star)

where 𝑒′ and 𝑒′′ are reg. exp.
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Reg. Exp. is  just a string of 
{alphabet and special symbols}



(Informal) Intuition

• Σ = {0,1} : exact match

• ∅ : matches nothing

• “” : matches only empty string

• Special symbols: ( , ) , *

• (e’) | (e’’) : e’ matches OR e’’ matches

• (e’)(e’’) : e’ matches the prefix and e’’ matches the suffix

• (e’)* : matches a string “repeatedly” for 0 or more times
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Example: prefix and suffix
Alphabet Σ = {0,1}. All strings with:

Prefix: 01 Suffix: 00

Eg: matches 0100, but not 01001

Intuitive:
𝑒 = 00 0 1 ∗(00) 

Haven’t yet define “how to match” 𝑒 to a string!



Example: XOR

For 𝑥 = 𝑥1 … 𝑥𝑛 let  𝑋𝑂𝑅 𝑥 = 𝑥1 ⊕ 𝑥2 … ⊕ 𝑥𝑛

Observation: there are odd number of ‘1’s
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Intuitive:
𝑒 =       



Parenthesis and Precedence

• Drop parentheses when inferred from context

• Precedence (high to low)
• Kleene star: ∗

• Concatenation: (e’)(e’’)

• OR: (e’) | (e’’)

• 00∗ ∣ 11 instead of ((0)(0∗)) ∣ ((1)(1))

10



Regular Expressions as Functions

For every regular expression 𝑒, 
there is a corresponding function Φ𝑒: 0,1 ∗ → {0,1}

Such that
Φ𝑒 𝑥 = 1 if   𝑥 matches 𝑒.
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Defining Φ𝑒 defines the evaluation of 𝑒.

Recursive definition, but cumbersome.

Goal:

Need definition!
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0. 𝑒 = ∅, or 𝑒 = ""

1. 𝑒 = 𝜎 ∈ {0,1}

2. 𝑒 = 𝑒′ 𝑒′′)

𝑒′, 𝑒′′ are regular expressions 
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3. 𝑒 = (𝑒′)(𝑒′′)

4. 𝑒 = 𝑒′ ∗

𝑒′, 𝑒′′ are regular expressions 
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An (Python) algorithm evaluates regular expression



Syntactic Sugar

• Large alphabet:
Digits 0,1,…,9. Letters a,b,…,z. Punctuations ‘,’ ‘.’ ‘(‘ …

• Many special symbols:
Any char: . Any digit: \d
Any in list: [ abc… ]
Once or more: (e’)+
Constant repetition: (e’){n}, (e’){n,m}
Negation? Stay tuned…
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Useful in practice, 
but not used in cs3120



PRR5 
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88%

Syntax of the variant:
‘.’ : matches any char
‘*’ : Kleene star
‘\’ : escapes the next char
‘[‘ … ‘]’ : matches any char in bracket 



PRR5 
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Syntax of the variant:
‘.’ : matches any char
‘*’ : Kleene star
‘\’ : escapes the next char
‘[‘ … ‘]’ : matches any char in bracket 



Regular Functions / Language

We call a Boolean function 𝐹: 0,1 ∗ → {0,1} is regular,

If 𝐹 = Φ𝑒 for some regular expression 𝑒.

Equivalently, a language 𝐿 ⊆ 0,1 ∗ is regular
if and only if there is a regular expression 𝑒 such that 
𝑥 ∈ 𝐿 iff 𝑒 matches 𝑥.
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Definition: 
We call a Boolean function 𝐹: 0,1 ∗ → {0,1} is regular,
If 𝐹 = Φ𝑒 for some regular expression 𝑒.



Complexity class: Regular Functions
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Definition:
Let Reg-Fun be the set of all regular functions.

By definition:
For every 𝐹 ∈ Reg-Fun, there exists a regular expression 𝑒 such that Φ𝑒 = 𝐹. 



Theorem: 
Reg-Fun = DFA-Comp
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Definitions:
Reg-Fun: the set of all regular functions.
DFA-Comp: the set 𝑓 𝑓 is computed by some DFA 𝑀}

Theorem: 
Reg-Fun = DFA-Comp



Interpret: Reg-Fun ⊆ DFA-Comp:

• For every 𝐹 ∈ Reg-Fun, 𝐹 ∈ DFA-Comp

• Consequence: Every reg. exp. 𝑒, every 𝑥, matching 
Φ𝑒(𝑥) is computable in time 𝑂( 𝑥 )
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Interpret: Reg-Fun ⊇ DFA-Comp:

• For every 𝐹 ∈ DFA-Comp, 𝐹 ∈ Reg-Fun

• Consequence: instead of writing DFA, enough to 
write a regular expression
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More Implication of
Reg-Fun = DFA-Comp



Complement of regular expression?

• For any reg exp e, is there a “negate” reg exp e’?

• I.e., to find 𝑒′ such that for all string 𝑥,
Φ𝑒′ 𝑥 = 𝑁𝑂𝑇(Φ𝑒 𝑥 )

• Highly asked question!
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Complement of regular expression

• Suppose 𝐹 is regular (𝐹 = Φ𝑒 for some 𝑒)

• Does ത𝐹 = 𝑁𝑂𝑇(𝐹 𝑥 ) also have a regular expression?

• Yes!

• Suppose 𝑀 is a DFA for 𝐹

• Let ഥ𝑀 be DFA that switches the accept/reject states of 𝑀

• ഥ𝑀 computes ത𝐹

• Then ത𝐹 ∈ DFA-Comp = Reg-Langs
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Reg-Fun = DFA-Comp



OR of DFA-comp functions are DFA-comp?

• Suppose 𝐹1, 𝐹2 ∈ DFA-Comp.

• Does it hold 𝐹 𝑥 = 𝑂𝑅 𝐹1 𝑥 , 𝐹2 𝑥 ∈ DFA-Comp?

• Yes!

• Suppose 𝑒𝑏 is a reg expression for 𝐹𝑏

• Let 𝑒 = 𝑒1 |(𝑒2)

• 𝐹 is Φ𝑒

• Therefore 𝐹 ∈ Reg-Fun = DFA-Comp
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Reg-Fun = DFA-Comp



How about more complicated
transformations?

• Suppose functions 𝑓1, 𝑓2, … , 𝑓𝑘 are all regular functions.

• Let 𝑇: 0,1 ∗ → {0,1} be an arbitrary Boolean function.

• Is the function 𝑓 𝑥 = 𝑇 𝑓1 𝑥 , 𝑓2 𝑥 , … , 𝑓𝑘 𝑥 also regular?

• Yes!

• Proof sketch:
• Union of two languages is the same as OR of their Boolean functions
• Complement of a language is the same as NOT of its Boolean function
• {OR,NOT} is universal set of gates.
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The same for Regular Languages

• A language 𝐿 ⊆ 0,1 ∗ corresponds to 
a Boolean function 𝐹: 0,1 ∗ → {0,1}
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language 𝐿 ⊆ 0,1 ∗ is regular 
if and only if there is a regular expression 𝑒 such that 𝑥 ∈ 𝐿 iff 𝑒 matches 𝑥.



Limits of finite state computation



There is at least one non-regular function

• Proof:

• Reg-Fun is a countable set (why?)

• Set of all functions (All-Fun) is uncountable (why?)

• If All-Fun ⊆ Reg-Fun, then All-Fun would have been 
countable
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Any “natural” languages that is not regular?

• By Reg-Fun = DFA-Comp,
Any regular function must be computable by a DFA

• Any DFA has constant “memory”, ie, num of states

• Find a function needs more than const mem
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Boolean Functions



Example A = {𝟎𝒌𝟏𝒌∶ 𝑘 ∈ N }

Theorem: 𝐴 is not regular

Proof:

Give it 00 … 0 … as inputs till a state 𝑞 is repeated.

Let 𝑥 = 0𝑖 , 𝑦 = 0𝑗 such that 𝑗 > 0 and 
both 𝑥 and 𝑥 || 𝑦 on 𝑞.

Consider 0𝑖1𝑖 and 0𝑖+𝑗1𝑖 .

Either both will be accepted, 

Or both will be rejected.
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Reg-Fun ⊆ DFA-Comp

TCS, Section 6.4.2
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Charge
Regular Expressions

Reg-Fun = DFA-Comp
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PS5: due this Friday, Feb 28, 10pm
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