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Recall: How DFA worked
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0 0 0 1 1 1 0 1 0 … end of string

Transition



Recall: Turing Machine
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⊳ 0 0 1 1 1 ∅ ∅ ∅ …

Transition

Semi-infinite tape (memory)

Tape initially 
contains the input 
followed by blanks

If transition “halts”, 
→ tape contains 
the output



Plan for today

Turing Machine model 

- formal description and intuition

Are there functions that cannot be computed by a TM?

An interesting function that cannot be computed by a TM
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Main question: 
What functions can a Turing Machine compute?



Recap: Turing Machine model
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Definition. The execution of a TM, 𝑀 = Σ, 𝑘, 𝛿  on input 𝑥 ∈
0, 1 ∗ is this process:

1. Initialize  𝑇 as ⊳, 𝑥0, 𝑥1, … , 𝑥𝑛−1, ∅, ∅, ∅, ... where 𝑛 = 𝑥 .
2. Initialize two natural number variables, 𝑖 = 0, 𝑠 = 0.
3. repeat
 1. 𝑠′, 𝜎′, 𝐷 =  𝜹 𝑠, 𝑇 𝑖
 2. 𝑠 ∶= 𝑠′, 𝑇 𝑖 : = 𝜎′

 3. if 𝐷 = 𝐑: 𝑖 ∶= 𝑖 + 1
     if 𝐷 = 𝐋: 𝑖 ∶= max{𝑖 − 1, 0}
     if 𝐷 = 𝐇: 𝐛𝐫𝐞𝐚𝐤
4. If the process finishes, the output is:
 𝑀 𝑥 = 𝑇 1 , … , 𝑇 𝑚  where 𝑚 > 0 is the smallest 

integer, 𝑇 𝑚 + 1 ∉ {0,1}.
    Otherwise (i.e., the machine does NOT halt), 𝑀 𝑥 = ⊥. 

A Turing Machine, is defined by Σ, 𝑘, 𝛿 :
𝒌 ∈  ℕ: a finite number of states
Σ ∶ alphabet − finite set of symbols 

Σ ⊇ {0, 1, ⊳, ∅}  
𝜹: transition function

𝜹: 𝑘  ×  Σ → 𝑘  ×  Σ ×  {𝐋, 𝐑, 𝐒, 𝐇}



Example: From DFA to Turing Machines

• DFA
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0 b

0

1

0,1

0 0 0 r 0
0 1 1 r b
0 _ _ * halt-accept
b 0 0 r b
b 1 1 r b
b _ _ * halt-reject

Current 
state

Current 
symbol

Write 
symbol

Move 
direction

Next state



Was this really Turing’s model?
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Definition. The execution of a TM, 𝑀 = Σ, 𝑘, 𝛿  on input 𝑥 ∈
0, 1 ∗ is this process:

1. Initialize  𝑇 as ⊳, 𝑥0, 𝑥1, … , 𝑥𝑛−1, ∅, ∅, ∅, ... where 𝑛 = 𝑥 .
2. Initialize two natural number variables, 𝑖 = 0, 𝑠 = 0.
3. repeat
 1. 𝑠′, 𝜎′, 𝐷 =  𝜹 𝑠, 𝑇 𝑖
 2. 𝑠 ∶= 𝑠′, 𝑇 𝑖 : = 𝜎′

 3. if 𝐷 = 𝐑: 𝑖 ∶= 𝑖 + 1
     if 𝐷 = 𝐋: 𝑖 ∶= max{𝑖 − 1, 0}
     if 𝐷 = 𝐇: 𝐛𝐫𝐞𝐚𝐤
4. If the process finishes, the output is:
 𝑀 𝑥 = 𝑇 1 , … , 𝑇 𝑚  where 𝑚 > 0 is the smallest 

integer, 𝑇 𝑚 + 1 ∉ {0,1}.
    Otherwise (i.e., the machine does NOT halt), 𝑀 𝑥 = ⊥. 

A Turing Machine, is defined by Σ, 𝑘, 𝛿 :
𝒌 ∈  ℕ: a finite number of states
Σ ∶ alphabet − finite set of symbols 

Σ ⊇ {0, 1, ⊳, ∅}  
𝜹: transition function

𝜹: 𝑘  ×  Σ → 𝑘  ×  Σ ×  {𝐋, 𝐑, 𝐒, 𝐇}
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https://blog.cloudflare.com/details-of-the-cloudflare-outage-on-july-2-2019/

80% of Cloudflare’s customers traffic dropped due to 
excessive cost of matching a regular expression!

From Class 16
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https://blog.jgc.org/2009/06/alan-turing-deserves-apology-from.html
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https://blog.jgc.org/2009/06/alan-turing-deserves-apology-from.html
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https://web.archive.org/web/20100301233733/http://petitions.number10.gov.uk/turing/
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https://web.archive.org/web/20100301233733/http://petitions.number10.gov.uk/turing/
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14https://www.cs.virginia.edu/~robins/Turing_Paper_1936.pdf 

https://www.cs.virginia.edu/~robins/Turing_Paper_1936.pdf
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Warning: Turning uses “Configuration” to 
mean something different from modern usage 
(including last week’s cohort problems)!



17https://www.loc.gov/pictures/item/2016838906/

Bonus Bureau, Computing Division, 11/24/1924

What was Turing modeling?

https://www.loc.gov/pictures/item/2016838906/




Why model (human) computers?
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Why is the alphabet finite?
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A Turing Machine, is defined by Σ, 𝑘, 𝛿 :
 
𝒌 ∈  ℕ: a finite number of states
Σ ∶ alphabet − finite set of symbols 

Σ ⊇ {0, 1, ⊳, ∅}  
𝜹: transition function

𝜹: 𝑘  ×  Σ → 𝑘  ×  Σ × {𝐋, 𝐑, 𝐒, 𝐇}
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Why is the number of states finite?
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A Turing Machine, is defined by Σ, 𝑘, 𝛿 :
 
𝒌 ∈  ℕ: a finite number of states
Σ ∶ alphabet − finite set of symbols 

Σ ⊇ {0, 1, ⊳, ∅}  
𝜹: transition function

𝜹: 𝑘  ×  Σ → 𝑘  ×  Σ × {𝐋, 𝐑, 𝐒, 𝐇}



Number of States of Mind
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Follow simple rules
Remember what you are doing

“For the present I shall only say 
that the justification lies in the 
fact that the human memory is 
necessarily limited.”  



Why is the number of states finite?
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More Turing Machines

• 0𝑛1𝑛 ∶ 𝑛 ∈ ℕ
https://morphett.info/turing/turing.html?4fcc9a5cd3f4ef9d83fd6ebed105c73b

• Infinite loop
https://morphett.info/turing/turing.html?459fca2a14f95f7d3acb789abc241261

• 4-state busy beaver
http://morphett.info/turing/turing.html?4fee0005bc73130d8138803406a74990
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https://morphett.info/turing/turing.html?4fcc9a5cd3f4ef9d83fd6ebed105c73b
https://morphett.info/turing/turing.html?459fca2a14f95f7d3acb789abc241261
http://morphett.info/turing/turing.html?4fee0005bc73130d8138803406a74990
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0 0 1 1 ∅ ∅ ∅ …

Semi-infinite tape

⊳

Alternative TN Model: Two-Way Infinite Tape

0 0 1 1 ∅ ∅ ∅ …⊳∅∅∅ ∅∅∅∅… ⊳

Two-way infinite tape

∅

1

1
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Definition. The output of the execution of a TM, 𝑀 = Σ, 𝑘, 𝛿  is the result of this 
process:
1. Initialize  𝑇 𝑖 =  ∅ for all 𝑖 ∈  ℤ. 
2. Initialize two natural number variables, 𝑖 = 0, 𝑠 = 0.
3. repeat
 1. 𝑠′, 𝜎′, 𝐷 =  𝜹 𝑠, 𝑇 𝑖
 2. 𝑠 ∶= 𝑠′, 𝑇 𝑖 : = 𝜎′

 3. if 𝐷 = 𝐑: 𝑖 ∶= 𝑖 + 1
     if 𝐷 = 𝐋: 𝑖 ∶= 𝑖 − 1
     if 𝐷 = 𝐇: 𝐛𝐫𝐞𝐚𝐤 
4. If the process finishes (the repeat breaks), the result of this process is:
 𝑀 𝑥 = 𝑇 1 , … , 𝑇 𝑚  where 𝑚 > 0 is the smallest integer, 𝑇 𝑚 + 1 ∉ {0,1}.
    Otherwise (i.e., the machine does NOT halt), then define 𝑀 𝑥 = ⊥. 



More Turing Machine models

• 2, 3, 4, or a constant number of tapes

• Large (constant) alphabet

• 2-dimensional tape?!

• Move tape by arbitrary distance x?!
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Computability

31
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Definition. The execution of a TM, 𝑀 =
Σ, 𝑘, 𝛿  on input 𝑥 ∈ 0, 1 ∗ is this 

process:
1. Initialize  𝑇 as ⊳, 𝑥0, 𝑥1, … , 𝑥𝑛−1, ∅, ∅, ∅, 
... where 𝑛 = 𝑥 .
2. Initialize two natural number variables, 
𝑖 = 0, 𝑠 = 0.
3. repeat
 1. 𝑠′, 𝜎′, 𝐷 =  𝜹 𝑠, 𝑇 𝑖
 2. 𝑠 ∶= 𝑠′, 𝑇 𝑖 : = 𝜎′

 3. if 𝐷 = 𝐑: 𝑖 ∶= 𝑖 + 1
     if 𝐷 = 𝐋: 𝑖 ∶= max{𝑖 − 1, 0}
     if 𝐷 = 𝐇: 𝐛𝐫𝐞𝐚𝐤
4. If the process finishes, the output is:
 𝑀 𝑥 = 𝑇 1 , … , 𝑇 𝑚  where 
𝑚 > 0 is the smallest integer, 𝑇 𝑚 + 1 ∉
{0,1}.
    Otherwise (i.e., the machine does NOT 
halt), 𝑀 𝑥 = ⊥. 
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Turing’s Output: 



Simpler Execution Model: No Input
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Definition. The output of the execution of a TM, 𝑀 = Σ, 𝑘, 𝛿  is the result of 
this process:
1. Initialize  𝑇 as ∅, ∅, ∅, ...
2. Initialize two natural number variables, 𝑖 = 0, 𝑠 = 0.
3. repeat
 1. 𝑠′, 𝜎′, 𝐷 =  𝜹 𝑠, 𝑇 𝑖
 2. 𝑠 ∶= 𝑠′, 𝑇 𝑖 : = 𝜎′

 3. if 𝐷 = 𝐑: 𝑖 ∶= 𝑖 + 1
     if 𝐷 = 𝐋: 𝑖 ∶= max{𝑖 − 1, 0}
     if 𝐷 = 𝐇: 𝐛𝐫𝐞𝐚𝐤 
4. If the process finishes (the repeat breaks), the result of this process is:
 𝑀 ∙ = 𝑇 1 , … , 𝑇 𝑚  where 𝑚 > 0 is the smallest integer such that
   ∀𝑙 > 𝑚. 𝑇 𝑙 = ∅.
     Otherwise, 𝑀 ∙ = ⊥.
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Roughly: numbers that can be 
output  arbitrarily precisely by a 
Turing Machine (No Input model).



Computable Numbers

Is 
1

2
computable?
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Computable Numbers

Is 
1

3
computable?
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Is 𝜏 computable?

𝜋 =
𝐶

𝑑
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𝜋 =
𝐶

𝑑

Gottfried Wilhelm Leibniz

𝜋 = 4 −
4

3
+

4

5
−

4

7

       +
4

9
 −

4

11
+ ⋯ 
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1673

Digital Mechanical Calculator: +, -, *, /Gottfried Wilhelm Leibniz
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...a general method in 
which all truths of 
reason would be 
reduced to a kind of 
calculation.  At the same 
time, this would be a sort 
of universal language or 
script, …

Gottfried Wilhelm Leibniz



Are there any uncomputable numbers?

44
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