
CS3120: Theory of Computation University of Virginia, Spring 2025

Class 2:
Defining 
Definitions

University of Virginia
CS3120: DMT2

https://weikailin.github.io/cs3120-toc
Wei-Kai Lin

Problem Set 1 will be posted 
today and due next Friday, Jan 24 

(10:00pm)

PRR 1 will be posted (in Canvas) after 
class, and due next Tuesday 12:00pm

https://weikailin.github.io/cs3120-toc


Questions from Survey
Q: What’s the difference between this course and Floryan’s?

A: Different textbook and outline. Circuit vs context-free grammar.

Q: Can we discuss with students in the other course?

A: Discuss with other students, people, or LLM is encouraged (unless explicitly 
disallowed, eg, in exams).

Copying in any format is cheating

(Diff: You understand your answer, or not.)

Write on your own.
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HW release and due dates?

Problem Set (PS), total 10 (nearly every week):

• Release: Thursdays (after class, before midnight)

• Due: 1 week later Friday 10pm

• Late submission may be allowed

Pre-reading and reflect (PRR):

• Release: Thursdays weekly (ideally right after class)

• Due: next Monday 10pm

• No late submission
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Post slides before class? 

Probably not. Reasons:
• Last minute edits

• Taking notes is a (probably important) skill

• I need interaction and eye contact

(Actually I prefer whiteboard over slides)
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Question from Last Class

How did 
Babylonian number 
system work?
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Class 1



Babylonian Counting

5https://en.wikipedia.org/wiki/File:Babylonian_numerals.svg
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YBC 7289
Babylonian clay tablet from 
∼1700 BCE
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YBC 7289
Babylonian clay tablet from 
∼1700 BCE

Decoding from Aaboe Asgervia’s Episodes from the Early History of Mathematics via Tivadar Danka
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YBC 7289
Babylonian clay tablet from 
∼1700 BCE

Decoding from Aaboe Asgervia’s Episodes from the Early History of Mathematics via Tivadar Danka

= 1 ⋅ 600 + 24 ⋅ 60−1 + 51 ⋅ 60−2 + 10 ⋅ 60−3 



What is the number

Let’s ask LLM/AI

• https://copilot.cloud.microsoft

• https://gemini.google.com
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1 ⋅ 600 + 24 ⋅ 60−1 + 51 ⋅ 60−2 + 10 ⋅ 60−3 

https://copilot.cloud.microsoft/
https://gemini.google.com/


Plan

Mathematical Definitions

What makes a good definition?

Defining the Natural Numbers

Induction Principle

Sets
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Today: Chapter 0 and 1 in the TCS book
Next week: start Chapter 2

Problem Set 1 will be 
posted today and due 

next Friday , Jan 24 
(10:00pm)

PRR 1 is posted (in Canvas), and 
due next Tuesday before 12pm



PRR 1 (Pre-Reading and Reflection)

• Posted (in Canvas). Due next Tuesday before 12pm.

• Read textbook sections and watch two videos, and

• Answer multiple-choice questions (I will tell you two 
of them the answer today!)
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Quick check your understanding, and independent reading



Problem Set 1

• You can use any resources you want

• You can discuss problems with anyone you want, but 
must write up solutions yourself and understand 
what you write

• You must credit the resources and people
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Problem Sets are about understanding the concepts and learning how to solve 
problems – you will need to demonstrate this on your own on the exams 



Office Hours Start Next Tuesday!
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https://weikailin.github.io/cs3120-toc/calendar/ 

https://weikailin.github.io/cs3120-toc/calendar/
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Would you be taking this class if it was not required 
for your major (or desired major)?



Would you be taking this class if it was not required 
for your major (or desired major)?
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44/116 (>37%) are 
here under duress!

99/116 (>84%) are 
probably here 
under duress!

Maybe 16 people actually 
want to be in this class! But only 1 for sure!
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How it can help me outside of a career in computer 
science.

How can I learn to appreciate the theoretical realm 
of computing if I have always worked with concrete 
examples and systems?

What would you like to know about the course, 
instructors, or computing?



Why study theory?
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My Answer

It is fun! Like LEGO

E.g., Karatsuba built the same multiply but taking fewer bricks
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(Maybe) Your Answer

1. Think Better and Bigger

19

Karatsuba’s multiplication
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Leslie Lamport
(2013 Turing Awardee)

https://lamport.azurewebsites.net/tla/paxos-algorithm.html
https://www.youtube.com/watch?v=tw3gsBms-f8 

https://youtu.be/8-Bc5Lqgx_c?t=4686
https://lamport.azurewebsites.net/tla/paxos-algorithm.html
https://www.youtube.com/watch?v=tw3gsBms-f8


(Maybe) Your Answer

1. Think Better and Bigger

2. Intrinsic Truth and Beauty
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Cantor’s Diagonalization Proof 
(Chapter 2 and upcoming class)



(Maybe) Your Answer

1. Think Better and Bigger

2. Intrinsic Truth and Beauty

3. Track record for Impact and Success
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24
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Lawrence Page, Sergey Brin, 
Rajeev Motwani, Terry Winograd

No theorems or proofs in this paper! (but makes claims about convergence)
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29



30
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“Two years later, I called to tell him 
our paper had been accepted to a 
fine math journal. He sounded 
eminently disinterested. He had 
moved to Albuquerque, New 
Mexico to run a small company 
writing code for microprocessors, of 
all things. I remember thinking: 
`Such a brilliant kid. What a waste.’”





(Maybe) Your Answer

1. Think Better and Bigger

2. Intrinsic Truth and Beauty

3. Track record for Impact
and Success
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Ask LLM: 
• Largest companies by market cap
• How about other CEOs?



(Maybe) Your Answer

1. Think Better and Bigger

2. Intrinsic Truth and Beauty

3. Track record for Impact and Success

4. Being wrong often and admitting it
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Survey Question on Course Pledge
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According to the Course Pledge, which of the following is expected of 
students in this class? (check all that apply)



Survey Question on Course Pledge
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According to the Course Pledge, which of the following is expected of 
students in this class? (check all that apply)

We do not want you to lie, 
cheat, or steal!



Survey Question on Course Pledge
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We do not want you to suffer!

This two questions will be repeated on PRR1 just we make sure everyone understands this!

According to the Course Pledge, which of the following is expected of 
students in this class? (check all that apply)

We do not want you to lie, 
cheat, or steal!



How are we doing on 
“I will be open minded and curious” and 

“I will provide useful feedback”?
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How are we doing on 
“I will be open minded and curious” and 

“I will provide useful feedback”?
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We will (eventually!) answer the questions on the survey 
(more questions are always welcome)



Is 0 a Natural 
Number?
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41

1

Depends on the class: in DMT1 
it is a natural number, but in 

Basic Real Analysis it is not. It is 
preference for tradition or not.



What makes a good definition?



What makes a good definition?
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What makes a good definition?



Toy Example: Define “Bread”

• Ask LLM



Toy Example: Define “Bread”
• Dictionary: made from flour, water, and usually 

yeast, mixed together and baked
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Descriptive 
Definitions

https://ocw.mit.edu/courses/18-100a-real-analysis-fall-2020/resources/mit18_100af20_basic_analysis/
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Descriptive 
Definitions
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Peter Kahn, The Natural Numbers
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Definition-by-Example

https://books.google.com/books?id=WO1gQYIrG24C


Definition-by-Example
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TCS Book
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Mathematics for Computer Science, Lehman, Leighton, Meyer (MCS Book, cs2102/DMT1)



55

TCS Book

Mathematics for Computer Science, Lehman, Leighton, Meyer (MCS Book, cs2102/DMT1)
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Definition. A Natural Number is a non-negative integer. 
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Definition. A Natural Number is a non-negative integer. 

Wikipedia

TCS
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How can we define something new 
(more complex than things we already know)?
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Constructive Definitions
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Two symbols:
𝟎 “Zero”
𝑺 “Successor”



Constructive Definitions
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Constructive definition of the Natural Numbers:

Rule 1: 𝟎 is a Natural Number

Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

Two symbols:
𝟎 “Zero”
𝑺 “Successor”



Constructive Definitions
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Constructive definition of the Natural Numbers:

Rule 1: 𝟎 is a Natural Number

Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

Recursive definition: we use Natural Number in our definition!

Base
Case

Inductive
Clause
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Giuseppe Peano
1858-1932
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https://archive.org/details/arithmeticespri00peangoog/page/n22
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Peano in 1899

“No”
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Constructive Definitions
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Rule 1: 𝟎 is a Natural Number

Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

How should we define equality for Natural Numbers?



68

Defining Equality
Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.



Defining Equality

69

Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

Definition. For any two Natural Numbers, 𝑛 and 
𝑚, we define equality (𝑛 = 𝑚) as:
(1) if 𝑛 is 𝟎: 𝑛 = 𝑚 iff 𝑚 is 𝟎.
(2) otherwise, 𝑛 is 𝑺 𝑝  for some Natural             
            Number 𝑝. 
       (2a) If 𝑚 is 𝟎, 𝑛 is not equal to 𝑚.
       (2b) Otherwise, 𝑚 is 𝑺 𝑞  for some Natural 

    Number 𝑞. Then, 𝑛 = 𝑚 iff 𝑝 = 𝑞.
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Definition. For any two natural numbers, 𝑛 and 𝑚, 
we define equality (=) as:
(1) if 𝑛 is 𝟎: 𝑛 = 𝑚 iff 𝑚 is 𝟎.
(2) otherwise, 𝑛 is 𝑺 𝑝  for some natural number 𝑝. 
       (2a) If 𝑚 is 𝟎, 𝑛 is not equal to 𝑚.
       (2b) Otherwise, 𝑚 is 𝑺 𝑞  for some natural     
number 𝑞. 𝑛 = 𝑚 iff 𝑝 = 𝑞.

Prove 𝑺 𝑺(𝟎 ) = 𝑺 𝑺(𝟎 ).
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Definition. For any two natural numbers, 𝑛 and 𝑚, 
we define equality (=) as:
(1) if 𝑛 is 𝟎: 𝑛 = 𝑚 iff 𝑚 is 𝟎.
(2) otherwise, 𝑛 is 𝑺 𝑝  for some natural number 𝑝. 
       (2a) If 𝑚 is 𝟎, 𝑛 is not equal to 𝑚.
       (2b) Otherwise, 𝑚 is 𝑺 𝑞  for some natural     

number 𝑞, then 𝑛 = 𝑚 iff 𝑝 = 𝑞.

Prove 𝑺 𝑺(𝟎 ) = 𝑺 𝑺(𝟎 ).

1) By definition of equality (2b), 𝑺 𝑺(𝟎 ) = 𝑺 𝑺(𝟎 ) iff 𝑺 𝟎 = 𝑺 𝟎 ,
2) By definition of equality (2b), 𝑺 𝟎 = 𝑺 𝟎  iff 𝟎 = 𝟎.
3) By definition of equality (1), 𝟎 = 𝟎.
4) Thus, 𝑺 𝟎 = 𝑺 𝟎  (from step 2), and 𝑺 𝑺(𝟎 ) = 𝑺 𝑺(𝟎 ) (from step 1).

Quod Erat Demonstrandum

What kind of proof is this?
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

Is there any Natural Number 𝑚 such that 𝑺(𝑚) = 𝟎?
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

No, by axiom.Is there any Natural Number 𝑚 such that 𝑺(𝑚) = 𝟎?

In mathematics or logic, an axiom is an 
unprovable rule or first principle accepted as 
true because it is self-evident or particularly 
useful.



Using the Definition
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Rule 1: 𝟎 is a Natural Number

Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

Notation: The set of Natural Numbers is denoted as ℕ.



Induction
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Aqua Claudia, finished by Emperor Claudius (41–54 AD) in 52 AD. https://en.m.wikipedia.org/wiki/Aqua_Claudia 

https://en.m.wikipedia.org/wiki/Claudius
https://en.m.wikipedia.org/wiki/Aqua_Claudia


Principle of Induction

Suppose that 𝑿 is a subset of ℕ
that satisfies these two properties: 

(1) 𝟎 ∈ 𝑿

(2) if 𝑛 ∈ 𝑿, then 𝑺(𝑛) ∈ 𝑿. 

Then, 𝑿 = ℕ. 

78

Is this an axiom? Logic rule? Theorem?



Principle of Induction

Suppose that 𝑿 is a subset of ℕ
that satisfies these two properties: 

(1) 𝟎 ∈ 𝑿

(2) if 𝑛 ∈ 𝑿, then 𝑺(𝑛) ∈ 𝑿. 

Then, 𝑿 = ℕ.

79

Whoa! We’ve just used sets, 
subset, element of, set equality, 
etc. all without defining them!



Principle of Induction
Suppose that 𝑿 is a subset of ℕ
that satisfies these two properties: 

(1) 𝟎 ∈ 𝑿

(2) if 𝑛 ∈ 𝑿, then 𝑺(𝑛) ∈ 𝑿. 

Then, 𝑿 = ℕ.

80



Principle of Induction: Suppose that 𝑿 is a subset of ℕ that satisfies these 
two properties:  (1) 𝟎 ∈ 𝑿 (2) if 𝑛 ∈ 𝑿, then 𝑺(𝑛) ∈ 𝑿.  Then, 𝑿 = ℕ.
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1. Define 𝒀 =  ℕ \ 𝑿. (All elements of ℕ that are not in 𝑿.)  
2. For contradiction, assume 𝒀 is non-empty.
3. Then, 𝒀 has some smallest element 𝑧. 
 (Note: this is non-obvious – using well-ordering principle.)
4. By property (1), 𝑧 cannot be 𝟎.
5. Thus, 𝑧 = 𝑺(𝑝) for some 𝑝 ∈ ℕ.
6. Since 𝑝 is smaller than 𝑧, it cannot be in 𝒀, so must be in 𝑿.
7. But, this contradicts property (2), since if 𝑝 ∈  𝑿, then 𝑺(𝑝)  ∈  𝑿.
8. Thus, the assumption that 𝒀 is non-empty is invalid. 
9. Hence, 𝒀 is empty, and ℕ =  𝑿.

Proof: 

Based on proof in Peter J. Kahn, The Natural Numbers, 2009. 



Proof by Induction
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Principle of Induction: Suppose that 𝑿 is a subset of ℕ that satisfies these 
two properties:  (1) 𝟎 ∈ 𝑿 (2) if 𝑛 ∈ 𝑿, then 𝑺(𝑛) ∈ 𝑿.  Then, 𝑿 = ℕ.

Proof by Induction: For any predicate 𝑷 ℕ , showing (1) 𝑷 𝟎  and 
(2) if for any 𝑛 ∈ ℕ if 𝑷 𝑛  then 𝑷(𝑺 𝑛 ) proves 𝑷 holds for all ℕ.



Sets
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Defining Sets

Base Clause:

The empty set (denoted as ∅) is a Set.

Inductive Clause:

If 𝑆 is a Set and 𝑥 is anything, 𝑆 ∪ {𝑥} is a Set. 
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∅, {∅}, {∅, {∅}}, {∅, {∅}, {∅, {∅}}}, ...



Constructive Definitions
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural 
Number, 𝑺(𝑛) is a Natural 
Number.

Rule 1: ∅ is a Set.

Rule 2: If 𝑆 is a set and 𝑥 is 
anything, 𝑆 ∪ {𝑥} is a set. 

𝟎, ∅, 𝑺, ∪, +, {}, etc. are all just symbols: their meaning 
comes from the definitions we agree to give them.   



Recap

Mathematical Definitions

What makes a good definition?

Defining the Natural Numbers

Induction Principle

Sets

86

Today: Chapter 0 and 1 in the TCS book
Next week: start Chapter 2

Problem Set 1 will be 
posted today and due 

next Friday , Jan 24 
(10:00pm)

PRR 1 is posted (in Canvas), and 
due next Tuesday before 12pm
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