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What can we do to best prepare and learn 
for the material in this class?



Only this lecture: 
question / answer for bonus

Rule:

• Each question or answer is +0.5% to semester

• Once per person

• Raise hand, say your name

• To record, submit on Ed Discuss after class
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Recap from Class 2
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural 
Number, 𝑺(𝑛) is a Natural 
Number.

Rule 1: ∅ is a Set.

Rule 2: If 𝑆 is a set and 𝑥 is 
anything, 𝑆 ∪ {𝑥} is a set. 

𝟎, ∅, 𝑺, =, ∪, {} are all just symbols: 
their meaning comes from the definitions we agree to give them.   



Recap from Class 2
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural 
Number, 𝑺(𝑛) is a Natural 
Number.

Also: we show the Principle of Induction
Based on this definition.



Recap from Class 2

5

Rule 1: ∅ is a Set.

Rule 2: If 𝑆 is a set and 𝑥 is 
anything, 𝑆 ∪ {𝑥} is a set. 

Maybe notIs this a good definition?
Q: Is (the whole of) the natural numbers a set?

Not by above

Constructive definitions are finite.
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(Often) Good in programing

Not so in this course!
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https://www.cs.virginia.edu/~emo7bf/cs2120/s2023/structures.htmlDMT1-OTB



Practice: Defining +
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
𝑺(𝑛) is a Natural Number.



Practice: Defining +
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
𝑺(𝑛) is a Natural Number.

Definition. The sum of two natural numbers 𝑎 and 𝑏 (denoted as 𝑎 + 𝑏) is 
defined as:
(1) If 𝑎 is 𝟎, the 𝑎 + 𝑏 sum is 𝑏.   𝟎 + 𝑏 = 𝑏
(2) Otherwise, 𝑎 is 𝑺 𝑝  for some Natural Number 𝑝 and 𝑎 + 𝑏 is 𝑺 𝑝 + 𝑏 . 

      𝑝 + 1 + 𝑏 = (𝑏 + 𝑝) + 1

PS 1 Problem 3: use this definition to prove that addition is commutative:  𝑎 + 𝑏 = 𝑏 + 𝑎.



Representing the Natural Numbers
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Can we represent the 
Natural Numbers using 
finite binary strings?

Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
𝑺(𝑛) is a Natural Number.



Binary Strings
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TCS, 1.4.2



Defining Binary Strings

If we want to define binary strings with a 
constructive recursive definition, what is the 
best choice for the base clause?



Defining Binary Strings

13



Defining Binary Strings

Base: “” (empty) is a Binary String 

Inductive: If s is a Binary String, 

both 0s and 1s are Binary Strings.

14DMT1-OTB



Can all Natural Numbers be 
represented by Binary Strings?
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Rule 1: “” is a Binary String 
Rule 2: If s is a Binary String, both 0s and 
1s are Binary Strings.

Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
𝑺(𝑛) is a Natural Number.

Want: each 𝑛 is mapped to a unique s



Can all Binary Strings be 
represented by Natural Numbers?
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Rule 1: “” is a Binary String 
Rule 2: If s is a Binary String, both 0s and 
1s are Binary Strings.

Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
𝑺(𝑛) is a Natural Number.

Want:

Hint: Infinite hotel See also: https://www.ias.edu/ideas/2016/pires-hilbert-hotel



𝟎, 𝟏 ∗ vs. 𝟎, 𝟏 ∞

Is “01010101010101…” a Binary String?
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Rule 1: “” is a Binary String 
Rule 2: If s is a Binary String, both 0s and 
1s are Binary Strings.



𝟎, 𝟏 ∗ vs. 𝟎, 𝟏 ∞

Is “01010101010101…” a Binary String?
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Rule 1: “” is a Binary String 
Rule 2: If s is a Binary String, both 0s and 
1s are Binary Strings.

Constructive definitions are finite. We can product a binary string of any 
length from these rules but cannot produce an infinite binary string.



𝟎, 𝟏 ∗ vs. 𝟎, 𝟏 ∞
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𝟎, 𝟏 ∗       finite binary strings of any length
𝟎, 𝟏 ∞     “infinite binary strings” 

DMT1-OTB



𝟎, 𝟏 ∗ vs. 𝟎, 𝟏 ∞
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𝟎, 𝟏 ∗       finite binary strings of any length
𝟎, 𝟏 ∞     “infinite binary strings” 

Why we need infinite binary strings, 𝟎, 𝟏 ∞ ?



Buttered Cat?
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https://www.reddit.com/r/funny/comments/6ws5or/buttered_cat_paradox/



Cardinality of Sets

|𝑆|



Cardinality of Finite Sets
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Definition. Two sets have the same cardinality 
if there is a bijection between the two sets.



Cardinality of Finite Sets
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The cardinality of the set
[𝑘] =  𝑛 𝑛 ∈ ℕ ∧ 𝑛 < 𝑘 }

is 𝑘.  

Definition. Two sets have the same cardinality 
if there is a bijection between the two sets.

Example: 𝑆 = 𝐶, 𝑆, 3120 , 𝑆 = ?



Cardinality of Infinite Sets
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The cardinality of the set
[𝑘] =  𝑛 𝑛 ∈ ℕ ∧ 𝑛 < 𝑘 }

is 𝑘.  

Definition. Two sets have the same cardinality 
if there is a bijection between the two sets.

0,1 ∗ = ?



Cardinality of Infinite Sets
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The cardinality of the set
[𝑘] =  𝑛 𝑛 ∈ ℕ ∧ 𝑛 < 𝑘 }

is 𝑘.  

Definition. Two sets have the same cardinality 
if there is a bijection between the two sets.



Cardinality of (Infinite) Sets
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Definition. Two sets have the same cardinality 
if there is a bijection between the two sets.

If 𝐴⊊B, then |𝐴|      ?      |𝐵|



Function (DMT1 Review)

A B

DMT1-OTB



Function Properties

A B

function: ≤ 1 out

total: ≥ 1 out

injective: ≤ 1 in

surjective: ≥ 1 in



Function Properties

A B

function: ≤ 1 out

total: ≥ 1 out

injective: ≤ 1 in

surjective: ≥ 1 in

bijective: = 1 out, = 1 in 



Surjective function from 𝐵 to 𝐴

A B

function: ≤ 1 out

surjective: ≥ 1 in



Cardinality of (Infinite) Sets
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Definition. Two sets have the same cardinality 
if there is a bijection between the two sets.

Definition. If there exists a surjective function 
from sets 𝐵 to 𝐴, then we say the cardinality of 
𝐵 is greater than or equal to the cardinality of 
𝐴.
We denote this as 𝐴 ≤ |𝐵|.



Two Useful (Intuitively obvious?) Facts

1. If |𝐴| = |𝐵| then |𝐴| ≤ |𝐵| and 𝐵 ≤ |𝐴|.

2. If 𝐴 ≤ |𝐵| and |𝐵| ≤ |𝐴| then 𝐴 = |𝐵|.
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Are these “obvious” facts, or do we need a proof?



Charge
Definition Practice: Addition, Binary Strings

Set Cardinality
Infinite
Countable
Power set
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Problem Set 1 is due 
This Friday, Jan 24 (10:00pm)

Tomorrow 10am (Jan 22), Greenberry’s Coffee (Wilsdorf)
Chat with Wei-Kai, free food & drink
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