University of Virginia, Spring 2025

Problem Set 2 is due

This Friday, Jan 31 (10pm)

120 Years of Moore’s Law

MECHANICAL RELAY W‘f{j’;é"" TRANSISTOR INTEGRATED CIRCUIT

Class 6:
Finite
Computation
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Recap: Boolean logical ‘gates’

— OR(a, b): outputs 1 iff a=1 or b=1

— AND(a, b): outputs 1 iff a=1 and b=1 Output 0

otherwise

— NOT(b): outputs 1 iff b=0



Median using And/Or/N ot

 Still a “math”-ish def/algorithm for 3-bit MED:

def MED(X[0],X[1],X[2]):
firstpair = ANBOJRIX[1])
secondpair = ANDCKFETSXRRP
thirdpair = ANBD{OXE],X[2])
temp = OR(secondpair,thirdpair)
return OR(firstpair,temp)




A formal programming language

C —= A
* AON Straightline programs < :éyg)((mj “M

— Python-likelanguage S = NoT(a)
— Define @hat take Boolean inputs
— Use AND/OR/NOT within

— Assign results of AND/OR/NQOT to variables

— The result of variables can be used later as inputs

— Return some of the obtained result(s) as output




(PS2) More things to program
c = AND (2, b)




More things to program
* 1-bit addition (mod 2) x0R(4. ) a b carry [ADD(a. b
I 00 O 0

AR oa o

ADN 10 O

1 1 i

* 1-bit addition with carry

AND (@,9/




NAND Straightline Programs

* Like AON straightline programs
* Difference: we can only use NAND N\\,\D(G,b)

Mmsi’ﬁv\\_ﬁ (\j@ V\/OTQMMDL&) L j>
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NAND (% Bn Y= NpT(s )




NAND Straightline = AON Straightline

 What does it even mean? How to prove it?



Equivalence of Computing Models?

* To show @c’)#el 1 is "equivalent” to Nebz
— Show any algorithms implemented with model 1

can be converted to an equivalent algorithm
written in model 2

— Show any algorithms implemented with model 2
can be converted to an equivalent algorithm
written in model 1



NAND Straightline = AON Straightline

Converting NAND to AON



NAND Straightline & AON Straightline

Converting AON to NAND



NAND Stralghtlme AON Straightline

AON to NANDpc d B —l°, 1) - NAND to AON A A A;:L

X = NAND(a, b)’F f O x = NOT(a) _
Becomes z)s{ \S Becomes )B(e;ng(a'b)
temp = AND(a,b) (D= X='\'/\|/4ANNDD((3\134\)> t1 = NAND(a,a)
x = NOT(temp) ’ t2 = NAND(b,b)
x = AND(a,b) x= NAND(t1,t2
[ {L( 0‘) — Becomes ( )

temp= NAND(a,b)

b
| g % , A ) G ) x=NAND(temp,@
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NAND Straightline = AON Straightline

 What could be benefits of each of them?



Another approach: Boolean Circuits

+ AND :j_
o D
. NOT _>




Median with Boolean Circuits

D
D

X[0]
X[1]
X[2]

D




Formal Definition of Boolean Circuits

A Boolean circuit with n inputs, m outputs, and s gates
is a directed acyclic graph

Exactly n nodes have no in-neighbors (these are inputs,
label them x/[0], ..., x[n-1])

All remaining s nodes have a label AND, OR, NOT. AND
and OR gates have two in-neighbors, NOT gates have
one in-neighbor

Exactly m gates are denoted as outputs (label them



—Majgm%y with Boolean Circuits

X[0]

X[1]

UUU



Computing with a Boolean Circuit

Assign gates into layers such that gate x appears before gate
y whenever x has an outgoing edge that's an incoming edge
of y

For each input node x[i/, assign its value to be bit i in the
input

For each gate (considered in order of layers), assign as its
value the result of its labelled operation applied to its in-
neighbor(s)

The result is the bit-string given by the values of the output
gates



Median with Boolean Circuits
— AON straightline program

- »
X[1]

X[2]

def MED(X[0],X[1],X[2]):

firstpair = AND(X[O],X[1])
secondpair = AND(X[1],X[2])
thirdpair = AND(X[O],X[2])

temp = OR(secondpair,thirdpair)
return OR(firstpair,temp)




Median with Boolean Circuits
- AON straightline program

)

-Fir\Stpa ir
X[0]
return -
‘,/”’, temp
X[1]

secondpair

N\

x[2] def MED(X[@],X[1],X[2]):

firstpair = AND(X[O],X[1])

N

thirdpair secondpair = AND(X[1],X[2])
thirdpair = AND(X[O],X[2])

temp = OR(secondpair,thirdpair)
return OR(firstpair,temp)

\



Circuits equivalent to AON Straightline

e How do we show this?

— Show how to convert any circuit to an AON
straightline that computes the same function

— Show how to convert any AON straightline to a
circuit that computes the same function



Circuit to Straightline (saw an example)

* Circ

\

\O@obfg\ca( St on 4AaGs, of- C/\\ru[tt.
Ul

inputs are straightline inputs already

* Each gate gets a variable

Value of that variable is result of applying the

operation of that gate to the variables of the
in-neighbors

Output is variable values of the output gates



Another example: XOR

Circuit Program

V2, = NDTKx(Dj )

x[0]

V3 =T (X [17)

x[1] |

Vg = AND(X@Y,\/’S>

§\>D\ VS<bD XTI Yy
= el OR( V4, u5)




AON-Straightline to Circuit

Straightline inputs become circuit inputs
Each variable becomes a gate

The type of gate is given by the RHS of the
assignment in the AON program

The in-neighbors of the gate are the gates
represented by the operand variables

The output gates are the ones represented by
return variables



Observations (2" one as important)

* Everything function computable by a circuit is
also computable by a straightline program
(and vice-versa)

* Every function computable by a straightline
program with s variables is computable by a
circuit with s gates (and the converse)



Universality



What does it mean for a
Gate Set to be Universal?

Theorem 3.12 (NAND is a i S Lt operation)
For every Boolean circuit C' of 8 gates, there exists a NAND circuit C " of at most 3s gates that

computes the same function as C'.

Definition 3.20 (General straight-line programs)

Let F = {fo,-.., ft_1} be a finite collection of Boolean functions, such that f; : {0, l}ki' o

{[L 1} for some k; € N. An F program is a sequence of lines, each of which assigns to some

variable the result of applying some f; € F to k; other variables. As above, we use x[ ¢ ] and
v[ 7 1 to denote the input and output variables.

We say that F is a set of operations (also known as a gate set) if there exists a
F program to compute the function NAND.

27



(Informal) Definition. We say a computation model is
universal if for any finite function f:{0,1}"* - {0,1}'",
there is an “instance” of the model that computes f.

Theorem:
AON circuits is universal.

Corollary:
NAND is universal.

28



Goal: Compute f:{0,1}" — {0,1}"

* Let f4, [, ..., fim be functions such that

- fi:10,1}" - {0,1}
— f;(x) is the ith bit of f(x)



Goal: Compute f:{0,1}" e@

(Also called “Boolean” functions) Oufput 1 i

* Represent f as a string s:
Sf — b/Q\bl ...bzn_l, bi :l(ll
* We have f(i) £ s¢] o

e Canwe mplemerD ay” using AON gates?
* Want: LOOKUP(s, |)outputs s[i]

AN




Gate: IF(cond, a, b)

* Qutputaifcond=1 M
e Qutputbifcond=0

o 1 f|
0o 1 0 O
0 1 1 1
O
1 0 1 0O
1 1 0 1
1 1 1 1
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e k:1,2,3,... | Q)E\H
I s: 2%-bit string, s = boby ...bok_, 2

i: k-bit string, representing 0,1, ..., 2% — 1 L
* LOOKUP,(s, i) outputs s[i] = b;




k:1,2,3,...
Circuit: LOOKUP(s, i) i
- l outputs s[i] = b;
* LOOKUP, (s, i) = LOOKUP,(bybs, i)
/)\-:0 bg
\

r=1 b
T=( codd b by )

33



Circuit: LO .
: LOOKU PZ(S, i) o boby b

outputs s[i] = b;

 LOO '
KUPZ(S, |) = LOOKUPZ(b0b1b2b3 |)



k:1,2,3,...
Circuit: LOOKUP,(s, i) e

outputs s[i] = b;

* LOOKUP,(s, i) = LOOKUP,(bob; ... bok_, i)

e Recursel



Circuit: LOOKUP,(s, i) 21
outputs s[i] = b;
LOOKUP, (s, i):
first_half = LOOKUP, ,(s[0:2%71], i[1:k])
second_half = LOOKUP, ,(s[2%~1:2%], i[1:k])
return IF(i[0], second half, first half)

Theorem:

AON circuit is universal.

36



PS2: Autograder Updated

Test cases shall be public.

If you passed all tests in the notebook and on
Gradescope, you are good.

41



Charge

Com pUtatiOH MOdEI 120 Years of Moore’s Law

AND, OR, NOT
Universality

PS2: due this Friday 10:00pm

PS3: to be released today, due next Friday 10:00pm
PRR3: due next Monday 10:00pm

42
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