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Recap: AND-OR-NOT Circuits
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𝑛 input (nodes)
Out degree = 1

𝑚 output
(out edge of) 
some gates

…

…

Directed Acyclic Graph (DAG)

Gates (nodes)
In degree = 2 or 1
Out degree = 1



Recap: Universality
(or, why care about AON)
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(Informal) Definition. We say a computation model is universal if for any finite 
function 𝑓: 0,1 𝑛 → 0,1 𝑚, there is an “instance” of the model that computes 𝑓.



Goal: Compute 𝑓: 0,1 𝑛 → 0,1 𝑚

• For any 𝑛,𝑚 ≥ 1

• Compute 1-bit output for some 
𝑓𝑖: 0,1

𝑛 → {0,1}, and repeat 𝑚 times

• Represent 𝑓 as a string 𝑠𝑓:

𝑠𝑓 = 𝑏0𝑏1…𝑏2𝑛−1, 𝑏𝑖 = 𝑓(𝑖)

• Want circuit: LOOKUP(s, i) outputs s[i]
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Array: LOOKUPk(s, i)

• 𝑘: 1,2,3,…

• s: 2𝑘-bit string, s = 𝑏0𝑏1…𝑏2𝑘−1
• 𝑖: 𝑘-bit string, representing 0, 1, … , 2𝑘 − 1

• LOOKUP𝑘(s, 𝑖) outputs s[𝑖] = 𝑏𝑖
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𝑘 determines len(s) and len(i) 
No need comma as input



Tool: IF(cond, a, b)

• Output a if cond = 1

• Output b if cond = 0

• AON circuit 
implements IF 
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cond a b IF(cond, a, b)

0 0 0 0

0 0 1 1

0 1 0 0

0 1 1 1

1 0 0 0

1 0 1 0

1 1 0 1

1 1 1 1



Circuit: LOOKUP1(s, i)

• LOOKUP1(s, i) = LOOKUP1(𝑏0𝑏1, i)

return IF(𝑖, 𝑏1, 𝑏0)
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𝑘: 1,2,3,…

s = 𝑏0𝑏1…𝑏2𝑘−1
𝑖 represent 0, 1, … , 2𝑘 − 1

outputs s[𝑖] = 𝑏𝑖



Circuit: LOOKUP2(s, i)

• LOOKUP2(s, i) = LOOKUP2(𝑏0𝑏1𝑏2𝑏3, i)
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𝑘: 1,2,3,…

s = 𝑏0𝑏1…𝑏2𝑘−1
𝑖 represent 0, 1, … , 2𝑘 − 1

outputs s[𝑖] = 𝑏𝑖



Circuit: LOOKUPk(s, i)

• LOOKUPk(s, i) = LOOKUPk(𝑏0𝑏1…𝑏2𝑘−1, i)

• Recurse!
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𝑘: 1,2,3,…

s = 𝑏0𝑏1…𝑏2𝑘−1
𝑖 represent 0, 1, … , 2𝑘 − 1

outputs s[𝑖] = 𝑏𝑖



Circuit: LOOKUPk(s, i)

LOOKUPk(s, i):
first_half = LOOKUPk-1(s[0:2𝑘−1], i[1:k])
second_half = LOOKUPk-1(s[2𝑘−1:2𝑘], i[1:k])
return IF(i[0], second_half, first_half)
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𝑘: 1,2,3,…

s = 𝑏0𝑏1…𝑏2𝑘−1
𝑖 represent 0, 1, … , 2𝑘 − 1

outputs s[𝑖] = 𝑏𝑖

Theorem:
AON circuit is universal.



A simpler proof of universality of {AND,OR,NOT}

• For 𝛼 ∈ 0,1 𝑛, the delta function 𝛿𝛼 𝑋 = 1 iff 𝑥 = 𝛼

• Function 𝛿𝛼 𝑋 can be computed by a circuit of size 𝑂(𝑛)

• To implement function 𝑓, 
we use the following approach:

𝑓 𝑋 = ሧ

𝛼∈ 0,1 𝑛, 𝑓 𝛼 =1

𝛿𝛼(𝑋)

10



Why do we want Universal Models?
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(Informal) Definition. We say a computation model is universal if for any finite 
function 𝑓: 0,1 𝑛 → 0,1 𝑚, there is an “instance” of the model that computes 𝑓.

Definition: We say that a gate set 𝒢 is a universal set of 
operations (also known as a universal gate set) if there exists a 
𝒢 program to compute the function NAND.

(Textbook, Definition 3.20)



Proving Universality
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A gate set 𝒢 is a universal set of operations (also known as a universal 
gate set) if there exists a 𝒢 program to compute the function NAND.

How can we prove some gate set 𝐺 is universal?



Proving Non-Universality
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How can we prove some gate set 𝐺 is not universal?

A gate set 𝒢 is a universal set of operations (also known as a universal 
gate set) if there exists a 𝒢 program to compute the function NAND.



Non-Universality of {𝑂𝑅}
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OR: 0, 1 2 → 0, 1

𝑂𝑅(𝑎, 𝑏) = ቊ
0, 𝑎 = 𝑏 = 0
1, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

A gate set 𝒢 is a universal set of operations (also known as a universal 
gate set) if there exists a 𝒢 program to compute the function NAND.



Circuit Complexity
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Complexity: What’s the cost?

16

Sure, we can build the circuit! 
But how many gates are needed?

x[0]

x[1]

x[2]
def MED(X[0],X[1],X[2]):

firstpair = AND(X[0],X[1]) 
secondpair = AND(X[1],X[2]) 
thirdpair = AND(X[0],X[2]) 
temp = OR(secondpair,thirdpair) 
return OR(firstpair,temp) 

firstpair

secondpair

thirdpair

temp

return



Recap: The big O and friends Ω, Θ, 𝑜, 𝜔

• 𝑂 𝑔 𝑛 is a set of functions: 
By 𝑓 𝑛 = 𝑂 𝑔 𝑛 , we mean 𝑓 𝑛 ∈ 𝑂 𝑔 𝑛

• Similarly for Ω, Θ, 𝑜, 𝜔

• 𝑓 𝑛 = 𝑂 𝑔 𝑛
There exist constants 𝑐 and 𝑛0 such that for all 𝑛 ≥ 𝑛0, 
0 ≤ 𝑓 𝑛 ≤ 𝑐𝑔(𝑛)
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• 𝑓 𝑛 = 𝑂 𝑔 𝑛 :
There exist constants 𝑐 and 𝑛0 such that for all 𝑛 ≥
𝑛0, 0 ≤ 𝑓 𝑛 ≤ 𝑐𝑔(𝑛)

• 𝑓 𝑛 = Ω 𝑔 𝑛 is equivalent to 

• 𝑓 𝑛 = Θ 𝑔 𝑛 is equivalent to 
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Quick Quiz
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• 𝑓 𝑛 = 𝑜 𝑔 𝑛 :
For any 𝑐 there exists 𝑛0 > 0 such that for all 𝑛 ≥ 𝑛0, 
0 ≤ 𝑓 𝑛 < 𝑐𝑔(𝑛)

• 𝑓 𝑛 = 𝜔 𝑔 𝑛 is equivalent to 



Quick Quiz

Suppose 𝑓 𝑛 = 𝑜 𝑔 𝑛 . Which must hold? Can hold?

1. 𝑔 𝑛 = O(𝑓 𝑛 )

2. 𝑔 𝑛 = Ω 𝑓 𝑛

3. 𝑔 𝑛 = Θ(𝑓 𝑛 )

4. 𝑔 𝑛 = o(𝑓 𝑛 )

5. 𝑔 𝑛 = 𝜔(𝑓 𝑛 )
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How many gates for 2-bit Compare?
If a < b, output 0; o.w., output 1
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a[0]

a[1]

b[0]

a[0] < b[0]

b[1]

a[0] > b[0]

a[1] < b[1]

a[0] = b[0]

return



Can we do better = less gates?
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a[0]

a[1]

b[0]

a[0] < b[0]

b[1]

a[0] > b[0]

a[1] < b[1]

a[0] = b[0]

return



Still the main goal!

24https://en.wikipedia.org/wiki/Integrated_circuit

“The Intel 486, officially named i486 and 
also known as 80486, is a microprocessor 
introduced in 1989.”
Wikipedia: i486

https://en.wikipedia.org/wiki/Intel
https://en.wikipedia.org/wiki/Microprocessor


How many gates?

LOOKUPk(s, i):
first_half = LOOKUPk-1(s[0:2𝑘−1], i[1:k])
second_half = LOOKUPk-1(s[2𝑘−1:2𝑘], i[1:k])
return IF(i[0], second_half, first_half)
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𝑘: 1,2,3,…

s = 𝑏0𝑏1…𝑏2𝑘−1
𝑖 represent 0, 1, … , 2𝑘 − 1

outputs s[𝑖] = 𝑏𝑖



How much time did you spend on PRR3?

• ~120 response

• 47: 15-30 minutes
• 68: longer than 30 minutes

• 1  did not answer
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Charge
Universality

Any finite function
Circuit Size

Number of gates

35

PS3: due this Friday 10:00pm
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