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PS1: Recitation
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All cows have the same number of spots (?)

Predicate, P(n): for any natural number n,
any n + 1 cows have the same number of spots.

Base case, P(0): 

any 0 + 1 = 1 cows have the same number of spots.

2Image credit: Hyakushō Kizoku (manga, “The Noble Farmer”)
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Inductive case, P(n) holds for some natural number n: 

any n + 1 cows have the same number of spots.

1. Consider any n + 2 cows, arrange in a line

2. By P(n), first n + 1 cows all have x spots

3. By P(n), last n + 1 cows all have y spots

4. Cow #2 is in both the first n + 1 and last n + 1

5. x = y because #2 have the same number of spots, P(0)

6. P(n + 1) holds, completes induction

Cow #1 Cow #2 Cow #3 Cow #n+2

…
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Inductive case, P(n) holds for some natural number n: 

any n + 1 cows have the same number of spots.

1. Consider any n + 2 cows, arrange in a line

2. By P(n), first n + 1 cows all have x spots

3. By P(n), last n + 1 cows all have y spots

4. Cow #2 is in both the first n + 1 and last n + 1

5. x = y because #2 have the same number of spots, P(0)

6. P(n + 1) holds, completes induction

Wrong! Where?
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Attempt I:

P(0): any 1 cows have the same number of spots.

Holds by definition of “same number”, that is “=“
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Attempt II:

Assume P(1) holds. To argue P(2): 

any 3 cows have the same number of spots.

Holds:

Inductive case, P(n) holds for some natural number n: 

any n + 1 cows have the same number of spots.

1. Consider any n + 2 cows, arrange in a line

2. By P(n), first n + 1 cows all have x spots

3. By P(n), last n + 1 cows all have y spots

4. Cow #2 is in both the first n + 1 and last n + 1

5. x = y because #2 have the same number of spots, P(0)

6. P(n + 1) holds, completes induction
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Attempt III:

Assume P(0) holds. To argue P(1): 

any 2 cows have the same number of spots.
Inductive case, P(n) holds for some natural number n: 

any n + 1 cows have the same number of spots.

1. Consider any n + 2 cows, arrange in a line

2. By P(n), first n + 1 cows all have x spots

3. By P(n), last n + 1 cows all have y spots

4. Cow #2 is in both the first n + 1 and last n + 1

5. x = y because #2 have the same number of spots, P(0)

6. P(n + 1) holds, completes induction



ChatGPT: prompt

8



ChatGPT 
response
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ChatGPT: base case
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ChatGPT: inductive step
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ChatGPT: inductive step mistake?

12

Overlapping does not 

guarantee equality

…

The overlapping cow only 

ensures that c2 has the 

same number of spots in 

both groups, not that all 

cows in both groups must 

have the same number of 

spots.



ChatGPT: inductive step mistake?
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Overlapping does not 

guarantee equality

…

The overlapping cow only 

ensures that c2 has the 

same number of spots in 

both groups, not that all 

cows in both groups must 

have the same number of 

spots.

Transitivity of equality:
If x = y and y = z, then x = z.

ChatGPT violates transitivity of equality!



Problem 5, closer look
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explain why the proof is wrong (maybe by 
pointing out some incorrect steps). 

What is said by ChatGPT?
No step number
Violation of common sense of transitivity



We see many “GPT-ish” submissions

• And many of them did not reference the 
resource

• “You should write up your own solutions and 
understand everything in them, and submit 
only your own work”
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Recap

• Any finite function 𝑓(𝑥) is computable by 
LOOKUP(𝑠𝑓, 𝑥)

– Also: proving universality and non-universality

• Circuit size: the number of gates in AON circuit

– Also: big-O notations

16



Circuit Complexity
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How many gates?

LOOKUPk(s, i):
first_half = LOOKUPk-1(s[0:2𝑘−1], i[1:k])
second_half = LOOKUPk-1(s[2𝑘−1:2𝑘], i[1:k])
return IF(i[0], second_half, first_half)

Recursion:
S(k) ≤ 2 ⋅ S(k-1) + c’ 
S(1) ≤ c’

18

𝑘: 1,2,3,…

s = 𝑏0𝑏1…𝑏2𝑘−1
𝑖 represent 0, 1, … , 2𝑘 − 1

outputs s[𝑖] = 𝑏𝑖

Exists c, for all k, S(k) = c ⋅ 2𝑘



How many gates?

How many gates does this construction take?
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Where do we go from here?

Is this approach practical?

How many gates need to, say, add or multiply?

Are there functions that need Ω(2𝑛) gates?  (stay tuned..)
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Categorizing Functions by Circuit Size

Fact 1: No functions (𝑛-bit to 𝑚-bit) require more 
than 𝑂(𝑚 2𝑛) gates

Fact 2: Some functions seem to require much less

So, let’s categorize functions by the # of gates they need

21
Circuit Size



SIZE

The set of all functions that can be 
implemented by a circuit of at most s NAND gates

TCS also uses: = 
The set of all 𝑛-input, 𝑚-output functions that can 
be implemented with at most s NAND gates

22

Contains all functions



PRR3
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24
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Two Different “Roles”

Function: What we want. Examples:

- Problem (we want to solve)

- Specification (of any module, or what customers want)

Circuit: How do we achieve it. Similar concepts:

- Program (implemented in our favorite PL)

- Implementation (to satisfy the need of customers)

26





But is the inclusion strict? Again, stay tuned for that..



Programs as Data



A Big Idea in Theory of Computing

Program: an instance (in a computation model) that performs 
computation (on some data)

Data: a sequence of symbols, such as bits (which can be computed, such 
as copy, truncate, concatenate….)



Could be Bad
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As illustrated in this xkcd cartoon, many exploits, including buffer overflow, SQL injections, 
and more, utilize the blurry line between “active programs” and “static strings”.



Can be GOOD
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DNA (produce)→ Creatures
Creatures (copy, modify) → NDA

Image credit: https://en.wikipedia.org/wiki/T7_RNA_polymerase
T7 RNA polymerase (blue) producing m-RNA (light blue) from DNA (orange)

https://en.wikipedia.org/wiki/T7_RNA_polymerase


How can we represent a 
straightline NAND program?

33

99 characters. Can it be shorter?

temp0 = NAND(X[0],X[1])

temp1 = NAND(X[0],temp0)

temp2 = NAND(X[1],temp0)

Y[0] = NAND(temp1,temp2)



How can we represent a 
straightline NAND program?

Recall: we have 𝑛 input variables (gates), ℓ lines of code that each is also 
a “gate”, and 𝑚 outputs. Total number of gates 𝑠 = 𝑛 + ℓ +𝑚

To encode: write (𝑛, ℓ,𝑚) followed by a list of ℓ “internal-gate 
descriptions” followed by 𝑚 “output-gate descriptions”.

Each of the NAND gates, NAND(input1, input2), is described by: 
(𝑖𝑛𝑝𝑢𝑡1, 𝑖𝑛𝑝𝑢𝑡2)

So, we have a list of ℓ +𝑚 ≤ 𝑠 triples, each of size 𝑂 1 + 2 log 𝑠 bits
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Example

temp0 = NAND(X[0],X[1])

temp1 = NAND(X[0],temp0)

temp2 = NAND(X[1],temp0)

Y[0] = NAND(temp1,temp2)

35
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