cs3120: Theory of Computation University of Virginia, Spring 2025

Problem Set 4 is due
This Friday, Feb 14 (10pm)

Class 9:

Lower Bound of
Circuit Sizes

University of Virginia
cs3120: DMT?2
Maybe related: Complexity Zoo, Wei-Kai Lin



https://complexityzoo.net/Complexity_Zoo

Recap: Representing Circuits as Bits

%%:«\33
* Equivalent: NAND straightline program
* n-bitinput, £ lines, g_’t_:_bit output.
* Circuitsizes =€+ m (# gates)

—

— 2(s + 1) natural numbers (at most)

Represented by a sequence of:
Q — 0(slogs) bits



def CIRCUIT(X[O],X[1]):
5 temp2 = NAND(X][Q,
| temp3 = NAND(X[O]
| temp4 = NAND(X]
temp5 = NAND(temp temp)

return temp5

_______________________________________

4\ \{ 1 line:
LS input & output lengths

£ lines:
one NAND per line

rﬁt\k m lines:

)_Bne output bit per line

1],€emp

Example

,temp

// 2-bit in, 1-bit out

X[1])/4\’5<I\// 1st line. 0 and 1 are input

// 2nd line. 2, 3, ... are temp
// 3rd line (and so on

// return, one line per bit

n+1l: Uni11, VUny12

""""" \ﬁ@w\r\&l) I
O: n, Q)
n: vn,l, vn,z

last: 1q,75, ...

'm

Yo—ou

(3



Representing a sequence in bits

* Chars (e.g. ASCII): represents Englishieécters, digits,
e 74

. . ®
punctgagtloon in 8 bits me )

— Represent any (finite length) sequence in chars

—, \\, R\, >0 U] ‘L' \'>\ Sl
g-_)sh‘ =
* /Other encodings. E.g. a sequence of naléuralnumbers N iiﬁ)
0, [01 [ [ ) UL, folen T
_ 1’is 01 S
010D 11 of 00 -

— Separator | is 11
—/



Subtle: How many variables?

n-bit input, € lines, m-bit output. Circuit size s = £ + m (# gates)
Num variables: n + ¢ (if # > s, need more than log s bits)

¥Vithout loss of generality, n <s,n+ £ < 2s

)
1 line: —
input & output lengths 0: (\D.!) m \ §+ | -
n: Un1, VUn 2 l l)ne‘i

? lines: ' ’

: N
one NAND per line N+1: Vny1, Un+1,2 52 N V]U/‘<4\§

each mm 2D
m lines: i —
(cmeoutputbit per line last: Tl,Tzl,,...Tm — /) > 0 S 41 L’%ﬁ

TSIy =TSt 36t



Qmwd . , o
Theorem. There is a constant ¢ such that for any s, any circuit

of size s can be represented in ¢ - s log s bits.
Ols-logs )
Theorem 5.1 (Representing programs as strings)

There is a constant ¢ such that for f € SIZE(s), there exists a program P computing f whose

string representation has length at most cs log s.




Recap: SIZE(s)

* SIZE(s): set of all functions f such that are

“computable” by NAND circuits of s gates.

— f is “computable” by something: there exists something
computing f

Definition 4.18 (Size class of functions)

For all natural numbers n, m, s, let SIZE,, ;,(8) denote the set of all tions f : {0,1}" —

{l], 1}m such that there exists a NAND circuit of at most s gatesComputing\f. We denote by
T

SIZE,(s) the set SIZE,, 1(3). For every integer s > 1, we let SE’ETF)? UnmSIZE, ;m(8) be

the set of all functions f for which there exists a NAND circuit of at most s gates that compute f.
b




Circuit Complexity



If x < y,then SIZE(x) € SIZE(y)

SIZE(30)

IO m———

(e )

S~——

But is the inclusion strict? Is there a function here?
L— )\



Goal today:
Prove that the inclusion is strict.

Proof idea:

1. Show that SIZE(s) is small (in cardinality)

2. Show that there are many more (finite) functions
that are computable in 10x circuit size

Spoiler: counting
/\ E—




Theorem 5.1 (Representing programs as strings)

There is a constant ¢ such that for f € SIZE(s), there exists a program P computing f whose

string representation has length at mﬂsf €58 log s. [ b_\_.ts>

Theorem: Every circuit of size s can be wrltten using O(S log s) bits.

NI \\0 é b u

Vg )

1 Q /

How many strings are at most x bits?
(for any natural number x)

\‘le%a\“r A= %ﬁmw |
240t X = D m

|50




Consequence of Programs as Data

Theorem: Every circuit of size s can be written using O(slog s) bits.

X = CS/

How many different circuits of size s can exist? d

DL Siimg S OME kb D T = ~PEbs)

Theorem: There are at most 2°( 1085) many urcwts of size s

) C(,,\ 9(”) O%("l )
How m?ny (dlStI%} \%\Bions com@i}a@)lem circuit su?(ﬂ?\ | \O@
N O(V‘)
\ocs IO N=0Y), | écl

)







Consequence of Programs as Data

Theorem: Every circuit of size s can be written using O(slog s) bits.

Theorem: There are at most 2°( 1085) many @of size S

B0
How many (distinc@ computable in C|rc 5|ze sg
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How many (distinct) functions can be
computed using@many (distinct) circuits?
(for any natural number@

Each function can be computed by more than 1 circuits
s\

But
Two distinct functions must be computed by two distinct circuits

g\ G
N s o
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Consequence of Programs as Data

Theorem: Every circuit of size s can be written using O(slog s) bits.

Theorem: There are at most 2°2(5 1985) many circuits of size s

D —

Corollary: at most 200 1985) many functions are in SIZE ()

Proof: K/‘l
dduncs < ¥t < # S

\

STRE() sl
S
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LSt

Corollary: at most 200 1985) many functions are in SIZE (s)
ISIZE(s)| = 2061089) forall s
st &Ath

\

ISIZE(3)| < 26 310g3
and

I S It StrICt? But is the inclusion strict? Is there a function here?

16



£:(0,1" - (0,1 L
How many functions of n-bit input are there?

N o = 3oy -

There are 2(2 many Boolean function on:g"mﬁg;:@}/

| u //‘Q(?A) d\\f@\\ﬂd A
Corollary: Not all functions can be comgquted ng@;‘Mﬁj £y

ircuit of size at most2 S= =
circuit of s . , CoA "

. 7 : 2
Proof: :\F\; 6/\],\( 1 (0,\3“&{‘0)\3 (€ 9\

¢ S(aﬁg c. %TVT (/]« {aﬁ((ﬂ))

S12e (=2 oo

N

R

<% .0



> nd
Corollary:
There is a constant 0 > 0 such that for any n, ther

n-bit-input such that requires more tha
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Charge

Circuit size lower bound
Counting number of circuits vs functions

PS4: due this Friday 10:00pm
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Questions?
(maybe for Wei-Kai)
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