
CS3120: Theory of Computation University of Virginia, Spring 2026

Class 1:
Definitions
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CS3120: DMT2
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Wei-Kai Lin

HW 0 will be posted today and 
due next Friday, Jan 23 (10:00pm)

Quiz 0 is posted,
due next Monday 10:00pm

https://weikailin.github.io/cs3120-toc


Recap:

Course goal:

To understand the power and limitations of 
computation

Ex. Fast multiplication

1



(Fun) History of Math

How did 
Babylonian number 
system work?

2

Class 0



Babylonian Counting

3https://en.wikipedia.org/wiki/File:Babylonian_numerals.svg
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YBC 7289
Babylonian clay tablet from 
∼1700 BCE
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YBC 7289
Babylonian clay tablet from 
∼1700 BCE

Decoding from Aaboe Asgervia’s Episodes from the Early History of Mathematics via Tivadar Danka
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YBC 7289
Babylonian clay tablet from 
∼1700 BCE

Decoding from Aaboe Asgervia’s Episodes from the Early History of Mathematics via Tivadar Danka

= 1 ⋅ 600 + 24 ⋅ 60−1 + 51 ⋅ 60−2 + 10 ⋅ 60−3 



What is the number?

Let’s ask LLM/AI

• https://copilot.cloud.microsoft

• https://gemini.google.com
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1 ⋅ 600 + 24 ⋅ 60−1 + 51 ⋅ 60−2 + 10 ⋅ 60−3 

https://copilot.cloud.microsoft/
https://gemini.google.com/


Plan

Mathematical Definitions

What makes a good definition?

Defining the Natural Numbers

Induction Principle

Sets

Defining the binary strings
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Today: Chapter 0 and 1 in the TCS book



Quiz 0 (Survey and Pledge)

• Posted on Canvas and Gradescope.

• Let me know if you need access permission.
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Homework 0

• You can use any resources you want

• You can discuss problems with anyone you want, but 
must write up solutions yourself and understand 
what you write

• You must credit the resources and people
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Homework is about understanding the concepts and learning how to solve 
problems – you will need to demonstrate this on your own on the exams 



Office Hours Start Next Monday!
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Time and location: 
https://weikailin.github.io/cs3120-toc/calendar/ 

https://weikailin.github.io/cs3120-toc/calendar/


Is 0 a Natural 
Number?

12
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Num
3
8
7

Depends on the class: in DMT1 
it is a natural number, but in 

Basic Real Analysis it is not. It is 
preference for tradition or not.



Huh?

No

Yes
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Responses from Fall 2019 Course:



What makes a good definition?



What makes a good definition?
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What makes a good definition?



Toy Example: Define “Bread”

• Ask LLM



Toy Example: Define “Bread”
• Dictionary: made from flour, water, and usually 

yeast, mixed together and baked
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Descriptive 
Definitions

https://ocw.mit.edu/courses/18-100a-real-analysis-fall-2020/resources/mit18_100af20_basic_analysis/
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Descriptive 
Definitions
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Wikipedia screenshot, 2026

Descriptive 
Definitions
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Peter Kahn, The Natural Numbers
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Definition-by-Example

https://books.google.com/books?id=WO1gQYIrG24C


Definition-by-Example

25

TCS Book
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Mathematics for Computer Science, Lehman, Leighton, Meyer (MCS Book, cs2102/DMT1)

Can Wei-Kai (or any human) show the list?
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TCS Book

Mathematics for Computer Science, Lehman, Leighton, Meyer (MCS Book, cs2102/DMT1)
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Definition. A Natural Number is a non-negative integer. 
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Definition. A Natural Number is a non-negative integer. 

Wikipedia

TCS



How can we define something new 
(more complex than things we already know)?
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Constructive Definitions
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Two symbols:
𝟎 “Zero”
𝑺 “Successor”



Constructive Definitions
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Constructive definition of the Natural Numbers:

Rule 1: 𝟎 is a Natural Number

Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

Two symbols:
𝟎 “Zero”
𝑺 “Successor”



Constructive Definitions
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Constructive definition of the Natural Numbers:

Rule 1: 𝟎 is a Natural Number

Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

Recursive definition: we use Natural Number in our definition?!

Base
Case

Inductive
Clause
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Giuseppe Peano
1858-1932
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https://archive.org/details/arithmeticespri00peangoog/page/n22
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Peano in 1899

“No”
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Constructive Definitions
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Rule 1: 𝟎 is a Natural Number

Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

How should we define equality for Natural Numbers?



39

Defining Equality
Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.



Defining Equality
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

Definition. For any two Natural Numbers, 𝑛 and 
𝑚, we define equality (𝑛 = 𝑚) as:
(1) if 𝑛 is 𝟎: 𝑛 = 𝑚 iff 𝑚 is 𝟎.
(2) otherwise, 𝑛 is 𝑺 𝑝  for some Natural             
            Number 𝑝. 
       (2a) If 𝑚 is 𝟎, 𝑛 is not equal to 𝑚.
       (2b) Otherwise, 𝑚 is 𝑺 𝑞  for some Natural 

    Number 𝑞. Then, 𝑛 = 𝑚 iff 𝑝 = 𝑞.
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Definition. For any two natural numbers, 𝑛 and 𝑚, 
we define equality (=) as:
(1) if 𝑛 is 𝟎: 𝑛 = 𝑚 iff 𝑚 is 𝟎.
(2) otherwise, 𝑛 is 𝑺 𝑝  for some natural number 𝑝. 
       (2a) If 𝑚 is 𝟎, 𝑛 is not equal to 𝑚.
       (2b) Otherwise, 𝑚 is 𝑺 𝑞  for some natural     

number 𝑞, then 𝑛 = 𝑚 iff 𝑝 = 𝑞.

Prove 𝑺 𝑺(𝟎 ) = 𝑺 𝑺(𝟎 ).

1) By definition of equality (2b), 𝑺 𝑺(𝟎 ) = 𝑺 𝑺(𝟎 ) iff 𝑺 𝟎 = 𝑺 𝟎 ,
2) By definition of equality (2b), 𝑺 𝟎 = 𝑺 𝟎  iff 𝟎 = 𝟎.
3) By definition of equality (1), 𝟎 = 𝟎.
4) Thus, 𝑺 𝟎 = 𝑺 𝟎  (from step 2), and 𝑺 𝑺(𝟎 ) = 𝑺 𝑺(𝟎 ) (from step 1).

Quod Erat Demonstrandum

What kind of proof is this?
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

Is there any Natural Number 𝑚 such that 𝑺(𝑚) = 𝟎?



43

Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

No, by axiom.Is there any Natural Number 𝑚 such that 𝑺(𝑚) = 𝟎?

In mathematics or logic, an axiom is an 
unprovable rule or first principle accepted as 
true because it is self-evident or particularly 
useful.



Using the Definition
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Rule 1: 𝟎 is a Natural Number

Rule 2: If 𝑛 is a Natural Number, 
    𝑺(𝑛) is a Natural Number.

Notation: The set of Natural Numbers is denoted as ℕ.



Induction
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Aqua Claudia, finished by Emperor Claudius (41–54 AD) in 52 AD. https://en.m.wikipedia.org/wiki/Aqua_Claudia 

https://en.m.wikipedia.org/wiki/Claudius
https://en.m.wikipedia.org/wiki/Aqua_Claudia


Principle of Induction

Suppose that 𝑿 is a subset of ℕ
that satisfies these two properties: 

(1) 𝟎 ∈ 𝑿

(2) if 𝑛 ∈ 𝑿, then 𝑺(𝑛) ∈ 𝑿. 

Then, 𝑿 = ℕ. 

46

Is this an axiom? Logic rule? Theorem?



Principle of Induction

Suppose that 𝑿 is a subset of ℕ
that satisfies these two properties: 

(1) 𝟎 ∈ 𝑿

(2) if 𝑛 ∈ 𝑿, then 𝑺(𝑛) ∈ 𝑿. 

Then, 𝑿 = ℕ.

47

Whoa! We’ve just used sets, 
subset, element of, set equality, 
etc. all without defining them!



Principle of Induction
Suppose that 𝑿 is a subset of ℕ
that satisfies these two properties: 

(1) 𝟎 ∈ 𝑿

(2) if 𝑛 ∈ 𝑿, then 𝑺(𝑛) ∈ 𝑿. 

Then, 𝑿 = ℕ.

48



Principle of Induction: Suppose that 𝑿 is a subset of ℕ that satisfies these 
two properties:  (1) 𝟎 ∈ 𝑿 (2) if 𝑛 ∈ 𝑿, then 𝑺(𝑛) ∈ 𝑿.  Then, 𝑿 = ℕ.
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1. Define 𝒀 =  ℕ \ 𝑿. (All elements of ℕ that are not in 𝑿.)  
2. For contradiction, assume 𝒀 is non-empty.
3. Then, 𝒀 has some smallest element 𝑧. 
 (Note: this is non-obvious – using well-ordering principle.)
4. By property (1), 𝑧 cannot be 𝟎.
5. Thus, 𝑧 = 𝑺(𝑝) for some 𝑝 ∈ ℕ.
6. Since 𝑝 is smaller than 𝑧, it cannot be in 𝒀, so must be in 𝑿.
7. But, this contradicts property (2), since if 𝑝 ∈  𝑿, then 𝑺(𝑝)  ∈  𝑿.
8. Thus, the assumption that 𝒀 is non-empty is invalid. 
9. Hence, 𝒀 is empty, and ℕ =  𝑿.

Proof: 

Based on proof in Peter J. Kahn, The Natural Numbers, 2009. 

Why?



Proof by Induction
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Principle of Induction: Suppose that 𝑿 is a subset of ℕ that satisfies these 
two properties:  (1) 𝟎 ∈ 𝑿 (2) if 𝑛 ∈ 𝑿, then 𝑺(𝑛) ∈ 𝑿.  Then, 𝑿 = ℕ.

Proof by Induction: For any predicate 𝑷 ℕ , showing (1) 𝑷 𝟎  and 
(2) if for any 𝑛 ∈ ℕ if 𝑷 𝑛  then 𝑷(𝑺 𝑛 ) proves 𝑷 holds for all ℕ.



Sets

51



Defining Sets

Base Clause:

The empty set (denoted as ∅) is a Set.

Inductive Clause:

If 𝑆 is a Set and 𝑥 is anything, 𝑆 ∪ {𝑥} is a Set. 
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∅, {∅}, {∅, {∅}}, {∅, {∅}, {∅, {∅}}}, ...



Constructive Definitions
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural 
Number, 𝑺(𝑛) is a Natural 
Number.

Rule 1: ∅ is a Set.

Rule 2: If 𝑆 is a set and 𝑥 is 
anything, 𝑆 ∪ {𝑥} is a set. 

𝟎, ∅, 𝑺, ∪, +, {}, etc. are all just symbols: their meaning 
comes from the definitions we agree to give them.   



Question: Is this a good definition?
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Rule 1: ∅ is a Set.

Rule 2: If 𝑆 is a set and 𝑥 is 
anything, 𝑆 ∪ {𝑥} is a set. 

Maybe notQ: Is (the whole of) the natural numbers a set?

Not by above

Constructive definitions are finite.
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(Often) Good in programing

Not so in this course!
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https://www.cs.virginia.edu/~emo7bf/cs2120/s2023/structures.htmlDMT1-OTB



Practice: Defining +
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Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
𝑺(𝑛) is a Natural Number.



Practice: Defining +

58

Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
𝑺(𝑛) is a Natural Number.

Definition. The sum of two natural numbers 𝑎 and 𝑏 (denoted as 𝑎 + 𝑏) is 
defined as:
(1) If 𝑎 is 𝟎, the 𝑎 + 𝑏 sum is 𝑏.   𝟎 + 𝑏 = 𝑏
(2) Otherwise, 𝑎 is 𝑺 𝑝  for some Natural Number 𝑝 and 𝑎 + 𝑏 is 𝑺 𝑝 + 𝑏 . 

      𝑝 + 1 + 𝑏 = (𝑏 + 𝑝) + 1



Representing the Natural Numbers

59

Can we represent the Natural Numbers using finite binary strings?

Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
𝑺(𝑛) is a Natural Number.

How to represent the 
natural numbers?



Binary Strings

60

TCS, 1.4.2



Defining Binary Strings

If we want to define binary strings with a 
constructive recursive definition, what is the 
best choice for the base clause?



Defining Binary Strings
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Defining Binary Strings

Base: “” (empty) is a Binary String 

Inductive: If s is a Binary String, 

both 0s and 1s are Binary Strings.

63DMT1-OTB



Can all Natural Numbers be 
represented by Binary Strings?

64

Rule 1: “” is a Binary String 
Rule 2: If s is a Binary String, both 0s and 
1s are Binary Strings.

Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
𝑺(𝑛) is a Natural Number.

Want: each 𝑛 is mapped to a unique s



Can all Binary Strings be 
represented by Natural Numbers?

Rule 1: “” is a Binary String 
Rule 2: If s is a Binary String, both 0s and 
1s are Binary Strings.

Rule 1: 𝟎 is a Natural Number
Rule 2: If 𝑛 is a Natural Number, 
𝑺(𝑛) is a Natural Number.

Want: each s is mapped to a unique 𝑛 



Recap

Mathematical Definitions

What makes a good definition?

Defining the Natural Numbers

Induction Principle

Sets

Defining the binary strings

66

Today: Chapter 0 and 1 in the TCS book
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