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Quick Recap
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Theorem: Every circuit of size 𝑠 can be written using 𝑂 𝑠 log 𝑠  bits.

Theorem: There are at most 2𝑂(𝑠 log 𝑠) many circuits of size 𝑠

Corollary: at most 2𝑂(𝑠 log 𝑠) many functions are in 𝑆𝐼𝑍𝐸(𝑠)
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Corollary: at most 2𝑂(𝑠 log 𝑠) many functions are in 𝑆𝐼𝑍𝐸(𝑠)

𝑆𝐼𝑍𝐸 𝑠 = 2𝑂 𝑠 log 𝑠    for all 𝑠

𝑆𝐼𝑍𝐸 3 ≤ 2𝑐⋅3 log 3

and

𝑆𝐼𝑍𝐸 30 ≤ 2𝑐⋅30 log 30

Did we solve this?
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Corollary: 
There is a constant 𝛿 > 0 such that for any 𝑛, there is a 

𝑛-bit-input function such that requires more than 
2𝑛

𝛿⋅𝑛
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𝑆𝐼𝑍𝐸𝑛(
2𝑛

100𝑛
), many f, but NOT ALL

All 𝑛-bit functions, 0, 1 𝑛 → {0, 1}

Strict subsets of 𝑆𝐼𝑍𝐸𝑛(
2𝑛

100𝑛
)?

𝑆𝐼𝑍𝐸𝑛(1000𝑛)

𝐴𝐷𝐷𝑛 here

Corollary: 
There is a constant 𝛿 > 0 such that for any 
𝑛, 
there is a 𝑛-bit-input function such that 

requires more than 
2𝑛

𝛿⋅𝑛



Size Hierarchy Theorem
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Size Hierarchy Theorem
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𝑆𝐼𝑍𝐸(𝑠)

𝑆𝐼𝑍𝐸𝑛(
2𝑛

10𝑛
), many f.

All 𝑛-bit functions, 0, 1 𝑛 → {0, 1}

𝑆𝐼𝑍𝐸 𝑠

10𝑛 < 𝑠 < 0.1 ⋅ 2𝑛/𝑛

𝑆𝐼𝑍𝐸(𝑠 + 10𝑛) Exists function here

𝑆𝐼𝑍𝐸(𝑠 + 20𝑛)

𝑆𝐼𝑍𝐸(𝑠 + 30𝑛)

Exists function here

Exists function here



Proof of Size Hierarchy
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Proof idea

Find a sequence of functions such that:

1. First function can be computed using ≤ 10𝑛 gates.

2. Last function cannot be computed by 
0.1⋅2𝑛

𝑛
gates.

3. For all functions in the sequence, if function 𝑖 can be 
computed using 𝑡 gates, then the function 𝑖 + 1 can be 
computed using 𝑡 + 10𝑛 gates.
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Find a sequence of functions such that:

1. First function can be computed using ≤ 10𝑛 gates.

2. Last function cannot be computed by 
0.1⋅2𝑛

𝑛
gates.

3. For all functions in the sequence, if function 𝑖 can be 
computed using 𝑡 gates, then the function 𝑖 + 1 can be 
computed using 𝑡 + 10𝑛 gates.
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Circuit size

s

𝑓𝑖 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑠

𝑓𝑖+1 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑠 + 10𝑛
But 𝑓𝑖+1 ∉ 𝑆𝐼𝑍𝐸𝑛(𝑠)



What sequence of functions works?
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0

10n

10n 10n 10n

s

𝑓∗: 0, 1 𝑛 → {0, 1}

𝑓∗ ∉ 𝑆𝐼𝑍𝐸𝑛 0.1 ⋅
2𝑛

𝑛

𝑓0: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛(10𝑛)

𝑓𝑖: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑡

𝑓𝑖+1: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑡 + 10𝑛



How do we know 𝑓∗exists? 
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0

10n

10n 10n 10n

s

𝑓∗ ∉ 𝑆𝐼𝑍𝐸𝑛 0.1 ⋅
2𝑛

𝑛



How do we know 𝑓∗exists? 
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0

10n

10n 10n 10n

s

𝑓∗ ∉ 𝑆𝐼𝑍𝐸𝑛 0.1 ⋅
2𝑛

𝑛



What sequence of functions works?
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0

10n

10n 10n 10n

s

𝑓0: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛(10𝑛)
𝑓∗ ∉ 𝑆𝐼𝑍𝐸𝑛 0.1 ⋅

2𝑛

𝑛

𝑓𝑖: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑡

𝑓𝑖+1: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑡 + 10𝑛



Idea: make function 𝑓𝑖 easy for all inputs > 𝑖
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0

10n

10n 10n 10n

s

𝑓𝑖: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑠

𝑓𝑖 𝑥 = ቊ
𝑓∗(𝑥)

0
for the first 𝑖 inputs

for all other inputs

So 𝑓𝑖+1 is not hugely harder 
than 𝑓𝑖



Does 𝑓0 work? 
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0

10n

10n 10n 10n

s

𝑓𝑖 𝑥 = ቊ
𝑓∗(𝑥)

0
for the first 𝑖 inputs

for all other inputs

𝑓0: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛(10𝑛)



Does 𝑓2𝑛 work? 
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0

10n

10n 10n 10n

s

𝑓𝑖 𝑥 = ቊ
𝑓∗(𝑥)

0
for the first 𝑖 inputs

for all other inputs

𝑓0: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛(10𝑛)



Does 𝑓2𝑛 work? 

19

0

10n

10n 10n 10n

s

𝑓2𝑛 𝑥 = 𝑓∗(𝑥)

𝑓0: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛(10𝑛)

𝑓∗ ∉ 𝑆𝐼𝑍𝐸𝑛 0.1 ⋅
2𝑛

𝑛



Inductive Step: 𝑓𝑖 → 𝑓𝑖+1
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0

10n

10n 10n 10n

𝑓𝑖+1 𝑥 =

3. For all functions in the 
sequence, if function 𝑖 
can be computed using 𝑡 
gates, then the function 
𝑖 + 1 can be computed 
using 𝑡 + 10𝑛 gates.

𝑓𝑖: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑡

𝑓𝑖 𝑥 = ቊ
𝑓∗(𝑥)

0
for the first 𝑖 inputs

for all other inputs



Inductive Step: 𝑓𝑖 → 𝑓𝑖+1
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0

10n

10n 10n 10n

𝑓𝑖+1 𝑥 = ቊ
𝑓∗ 𝑥
𝑓𝑖(𝑥)

3. For all functions in the 
sequence, if function 𝑖 
can be computed using 𝑡 
gates, then the function 
𝑖 + 1 can be computed 
using 𝑡 + 10𝑛 gates.

𝑓𝑖: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑡

𝑓𝑖 𝑥 = ቊ
𝑓∗(𝑥)

0
for the first 𝑖 inputs

for all other inputs

for the 𝑖𝑡ℎ input

for all other inputs



Implementing 𝑓𝑖+1 in 𝑆𝐼𝑍𝐸𝑛 𝑡 + 10𝑛
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0

10n

10n 10n

𝑓𝑖+1 𝑥 = ቊ
𝑓∗ 𝑥
𝑓𝑖(𝑥)

3. For all functions in the 
sequence, if function 𝑖 
can be computed using 𝑡 
gates, then the function 
𝑖 + 1 can be computed 
using 𝑡 + 10𝑛 gates.

𝑓𝑖: 0, 1 𝑛 → 0, 1 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑡

for the 𝑖𝑡ℎ input

for all other inputs

𝑓𝑖+1 = 𝐼𝐹 𝐸𝑄𝑈𝐴𝐿 𝑥, 𝑥∗ , 𝑓∗ 𝑥 , 𝑓𝑖 𝑥



Ordering the Inputs

23

𝑙𝑒𝑥 𝑥 ∈ 0, 1, … , 2𝑛  is defined as the position of 𝑥 in an ordered 
sequence of all 𝑛-bit values 

𝑓𝑖 𝑥 = ቊ
𝑓∗ 𝑥 , 𝑙𝑒𝑥 𝑥 < 𝑖
0,  otherwise



Function 𝒍𝒆𝒙 𝒙 = 𝟎 𝒍𝒆𝒙 𝒙 = 𝟏 … 𝒍𝒆𝒙 𝒙 = 𝒊 𝒍𝒆𝒙 𝒙 = 𝒊 + 𝟏 … 𝒍𝒆𝒙 𝒙 = 𝟐𝒏 − 𝟏

𝑓0 𝑥 0 0 … 0 0 …. 0

𝑓1 𝑥 𝑓∗ 𝑥 0 … 0 0 … 0

… … … … … … … …

𝑓𝑖 𝑥 𝑓∗ 𝑥 𝑓∗ 𝑥 … 0 0 … 0

𝑓𝑖+1 𝑥 𝑓∗ 𝑥 𝑓∗ 𝑥 … 𝑓∗ 𝑥 0 … 0

… … … … … … … …

𝑓2𝑛 𝑥 𝑓∗ 𝑥 𝑓∗ 𝑥 … 𝑓∗ 𝑥 𝑓∗ 𝑥 … 𝑓∗ 𝑥

24



Completing the Proof

0

10n

10n 10n 10n

s

𝑓∗ ∉ 𝑆𝐼𝑍𝐸𝑛 0.1 ⋅
2𝑛

𝑛𝑓0 ∈ 𝑆𝐼𝑍𝐸𝑛(10𝑛)

𝑓𝑖 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑠

If 𝑠 is between 10𝑛 and 0.1 ⋅
2𝑛

𝑛
 then there are functions on both sides of 𝑠.

𝑓𝑖+1 ∈ 𝑆𝐼𝑍𝐸𝑛 𝑠 + 10𝑛
But 𝑓𝑖+1 ∉ 𝑆𝐼𝑍𝐸𝑛 𝑠
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Plan

Circuit-size hierarchy theorem

Proof

Implication

1

Textbook [TCS] Section 3 and 4
https://introtcs.org/public/lec_04_code_and_data.html 

Code as data, data as code

https://introtcs.org/public/lec_04_code_and_data.html


Proof of Circuit Size Hierarchy

2

𝑓∗ ∉ 𝑆𝐼𝑍𝐸𝑛 0.1 ⋅
2𝑛

𝑛
 

𝑓𝑖 𝑥 = ቊ
𝑓∗(𝑥)

0
 

for the first 𝑖 inputs, 𝑖 ∈ [2𝑛] 

for all other inputs



This was an existential proof (annoying?)

Our proof showed 𝑓𝑗 ∈ 𝑆𝐼𝑍𝐸 𝑠 + 10𝑛 ∖ 𝑆𝐼𝑍𝐸(𝑠) exists

We did not “explicitly show” what function 𝑓𝑗 we are dealing with

Root cause: we did not construct function 𝑓∗ to begin with

Even if we did know 𝑓∗, it is not easy to identify the value of 𝑗
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How about this existential proof?

Theorem: there is an irrational real number

Proof: 2 is irrational….

Theorem: There are irrational numbers 𝑥, 𝑦 where 𝑥𝑦is rational.

Proof: First let 𝑥 = 2 and 𝑦 = 2. If 𝑥𝑦 is rational, we are done, 

and if not: then let 𝑥 = 2
2

and 𝑦 = 2, and we have 𝑥𝑦 = 2.

The proof does not tell us which pair is the one we want!
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Any “constructive” proof of Size Hierarchy?

Is this a constructive description?

Describe a simple function (in English or math?) that provably has circuit 
complexity (i.e., necessary number of gates) at least 2Ω(𝑛)

A candidate function (open to prove circuit lower bond):

Given input of length 𝑛, interpret it as a graph G, and then 
output 1 if G is 3-colorable

Since most functions have large circuits, it is like:
“finding hay in haystack”.
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“Complexity theory’s Waterloo”
...
“We are unable to prove even a superlinear circuit lowerbound for any 
NP problem—the best we can do after years of effort is 𝟒. 𝟓𝒏 −  𝒐(𝒏).”



Plan
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Circuit size hierarchy

Proof

Next module: Turing machine and computability

[TCS] Textbook, Section 5.2
https://introtcs.org/public/lec_04_code_and_data.html#siz
e-hierarchy-theorem-optional 

https://introtcs.org/public/lec_04_code_and_data.html#size-hierarchy-theorem-optional
https://introtcs.org/public/lec_04_code_and_data.html#size-hierarchy-theorem-optional
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HW 5 coming soon, due after Spring 
break

Quiz 6 due Monday, Mar 9


