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More Turing Machines

1

https://morphett.info/turing/turing.html 

https://morphett.info/turing/turing.html


Recap: Computable numbers

2

Real number 𝑟 is computable if 
there exists a Turing machine 𝑀 
such that 𝑀(𝑛) outputs 𝑟 to the 𝑛th 
bit precision for all natural number 𝑛.



Are there any uncomputable numbers?
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How many computable numbers are there?
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How many Turing Machines are there?

5

A Turing Machine, is defined by Σ, 𝑘, 𝛿 :
𝒌 ∈ ℕ: a finite number of states
Σ:  finite set of symbols, Σ ⊇ {0, 1, ⊳, ∅}  
𝜹: 𝑘  ×  Σ → 𝑘  ×  Σ ×  {𝐋, 𝐑, 𝐒, 𝐇}



Representing Turing Machines

How to represent a Turing machine as a binary string?
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• 𝑘

• Σ

• 𝛿
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Some Numbers are Uncomputable!

| 𝑇𝑀𝑠 | = | finite binary strings | = | ℕ |

ℝ = 𝑝𝑜𝑤 ℕ > | ℕ |
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9

Is there an interesting number 
that cannot be computed?



Are there functions that cannot be 
computed by any Turing Machine?
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Computable Functions

Definition:

A Boolean function 𝐹: 0,1 ∗ → {0,1} is computable if 
and only if there exists a Turing machine 𝑀 such that
for all 𝑥 ∈ 0,1 ∗, 𝑀 𝑥 = 𝐹(𝑥). 
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Are there “interesting” uncomputable
functions?
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Turing Machines to/from bit strings

For any 𝑤 ∈ 0,1 ∗, 

let 𝑇𝑀𝑤 be the Turing machine 𝑀 such that 

𝑤 represents 𝑀;

if no such Turing machine,
define 𝑇𝑀𝑤=NIL.
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Proving Interesting Functions are not 
Computable

1. Show that we can build a TM that simulates any 
other TM (a “Universal Turing Machine”)

2. Construct a TM using the Universal Turing Machine 
as a component that leads to a contradiction.
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Like many proof strategies we have seen (e.g., proving uncountability), 
once we have one (uncomputable function), we can use it to more 
easily prove new functions are also uncomputable.



Universal 
Machines

16

https://dori-mic.org/

https://dori-mic.org/


Recall from Boolean Circuits

From Classes 11



Is there a “Universal Turing Machine”?
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Universal
Turing

Machine

𝑤

𝑥

ቊ
𝑇𝑀𝑤(𝑥)

0
 if 𝑤 represents TM

otherwise



Is there a “Universal (no input) Turing Machine”?

19

Universal
Turing

Machine

𝑤 ቊ
𝑇𝑀𝑤("")

0
 if 𝑤 represents TM

otherwise
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What do we need to build 𝒰?
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𝒰𝑤 Result of 𝑇𝑀𝑤("")

𝒰 𝑤 = 𝑇𝑀𝑤("").



22

Turing’s 
Universal 
Machine

wx

Result of running
𝑇𝑀𝑤 on input x

[Turing 1936]



23



PRR9: Universal Turing Machine
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(Interesting) Uncomputable Functions
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ACCEPTS Function

27

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

Is ACCEPTS computable?

A Turing Machine, 𝑀 = (Σ, 𝑘, 𝛿), accepts a string, 𝑥, if 𝑀 𝑥 = 1.



Computing ACCEPTS?
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A Turing Machine, 𝑀 = (Σ, 𝑘, 𝛿), accepts a string, 𝑥, if 𝑀 𝑥 = 1.

𝒰𝑤, 𝑥 Result of running 𝑇𝑀𝑤 on x

𝑀𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤, 𝑥 = 𝐢𝐟 𝒰 𝑤, 𝑥 = 1  output 1
                                    𝐞𝐥𝐬𝐞 output 0

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 



Computing ACCEPTS?

29

A Turing Machine, 𝑀 = (Σ, 𝑘, 𝛿), accepts a string, 𝑥, if 𝑀 𝑥 = 1.

𝑀𝐴𝐶𝐶𝐸𝑃𝑇𝑆 does not compute ACCEPTS, since it may not finish: if 𝒰 𝑤, 𝑥  
does not terminate execution, 𝑀𝐴𝐶𝐶𝐸𝑃𝑇𝑆 does not output correctly! 

Note: this does not prove that ACCEPTS is uncomputable, since it doesn’t 
show there isn’t some other way to compute it (eg, without using 𝒰(𝑤, 𝑥)

𝑀𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤, 𝑥 = 𝐢𝐟 𝒰 𝑤, 𝑥 = 1  output 1
                                    𝐞𝐥𝐬𝐞 output 0

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 



ACCEPTS is Uncomputable

Proof by contradiction:

Assume some TM, 𝑀𝐴(𝑤, 𝑥), computes ACCEPTS.

30

How to reach a 
contradiction?



Ta
b

le
 o

f 
M

ac
h

in
e

s
 0 1 00 01 10 11 000 001 010 …

 …

0 …

1 ✓ ✓ ✓ ✓

00

01 ✓ ✓ ✓

10 ✓

11

000 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

…

Input, 𝑥

TM
, 𝑤

✓ in (𝑤, 𝑥) means 𝑇𝑀𝑤 𝑥 = 1

Not the actual table (of course!)

What’s this table? 



Ta
b

le
 o

f 
M

ac
h

in
e

s
 0 1 00 01 10 11 000 001 010 …

 …

0 …

1 ✓ ✓ ✓ ✓

00

01 ✓ ✓ ✓

10 ✓

11

000 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

…

Input, 𝑥

TM
, 𝑤

✓ in (𝑤, 𝑥) means 𝑇𝑀𝑤 𝑥 = 1

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) 

What’s the TM that computes 
“negation of the diagonal”? 



ACCEPTS is Uncomputable

Proof by contradiction:

Assume some TM, 𝑀𝐴(𝑤, 𝑥), computes ACCEPTS.

There must be some string, 𝑤𝐴 such that, 𝑀𝐴 = 𝑇𝑀𝑤𝐴
.

Let’s define a new TM, 

𝑀𝐷 𝑥 = NOT 𝒰 𝑤𝐴, 𝑥, 𝑥 .

33

What’s 

𝒰 𝑤𝐴, 𝑥, 𝑥 ?

What’s NOT … ?

Does 𝑀𝐷 finish?



Proof by contradiction:

Assume some TM, 𝑀𝐴(𝑤, 𝑥), computes ACCEPTS.

There must be some string, 𝑤𝐴 such that, 𝑀𝐴 = 𝑇𝑀𝑤𝐴
.

Let’s define a new TM, 𝑀𝐷 𝑥 = NOT 𝒰 𝑤𝐴, 𝑥, 𝑥

We have = 𝑁𝑂𝑇 𝑀𝐴 𝑥, 𝑥 = 𝑁𝑂𝑇 𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑥, 𝑥)

There exists 𝑤𝐷 such that 𝑀𝐷 = 𝑇𝑀𝑤𝐷
. Consider 𝑀𝐷(𝑤𝐷).

34

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

What’s 𝑀𝐷(𝑤𝐷)?

ACCEPTS is Uncomputable

Option 1: 𝑀𝐷 𝑤𝐷 = 0.



Proof by contradiction:

Assume some TM, 𝑀𝐴(𝑤, 𝑥), computes ACCEPTS.

There must be some string, 𝑤𝐴 such that, 𝑀𝐴 = 𝑇𝑀𝑤𝐴
.

Let’s define a new TM, 𝑀𝐷 𝑥 = NOT 𝒰 𝑤𝐴, 𝑥, 𝑥

We have = 𝑁𝑂𝑇 𝑀𝐴 𝑥, 𝑥 = 𝑁𝑂𝑇 𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑥, 𝑥)

There exists 𝑤𝐷 such that 𝑀𝐷 = 𝑇𝑀𝑤𝐷
. Consider 𝑀𝐷(𝑤𝐷).

35

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

Option 1: 𝑀𝐷 𝑤𝐷 = 0.

0 = 𝑀𝐷 𝑤𝐷 = 𝑇𝑀𝑤𝐷
𝑤𝐷

𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤𝐷 , 𝑤𝐷 = 0

𝑀𝐷 𝑤𝐷 = 𝑁𝑂𝑇 𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤𝐷 , 𝑤𝐷 = 1

1 = 𝑀𝐷 𝑤𝐷 = 𝑇𝑀𝑤𝐷
𝑤𝐷

𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤𝐷 , 𝑤𝐷 = 1

𝑀𝐷 𝑤𝐷 = 𝑁𝑂𝑇 𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤𝐷 , 𝑤𝐷 = 0

Option 2: 𝑀𝐷 𝑤𝐷 = 1.

ACCEPTS is Uncomputable



ACCEPTS is Uncomputable

Proof by contradiction:

Assume some TM, 𝑀𝐴(𝑤, 𝑥), computes ACCEPTS.

There must be some string, 𝑤𝐴 such that, 𝑀𝐴 = 𝑇𝑀𝑤𝐴
.

Let’s define a new TM, 𝑀𝐷 𝑥 = NOT 𝒰 𝑤𝐴, 𝑥, 𝑥

= 𝑁𝑂𝑇 𝑀𝐴 𝑥, 𝑥 = 𝑁𝑂𝑇 𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑥, 𝑥)

There exists 𝑥 such that 𝑀𝐷 = 𝑇𝑀𝑥. Consider 𝑀𝐷(𝑥).

36

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

Contradiction: 𝐷 must not exist!
But, if we have 𝑀𝐴, we can construct 𝐷.
So, 𝑀𝐴 must not exist. Therefore, ACCEPTS is uncomputable.

Option 1: 𝑀𝐷 𝑤𝐷 = 0.
0 = 𝑀𝐷 𝑤𝐷 = 𝑇𝑀𝑤𝐷

𝑤𝐷

𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤𝐷 , 𝑤𝐷 = 0

𝑀𝐷 𝑤𝐷 = 𝑁𝑂𝑇 𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤𝐷 , 𝑤𝐷 = 1

1 = 𝑀𝐷 𝑤𝐷 = 𝑇𝑀𝑤𝐷
𝑤𝐷

𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤𝐷 , 𝑤𝐷 = 1

𝑀𝐷 𝑤𝐷 = 𝑁𝑂𝑇 𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤𝐷 , 𝑤𝐷 = 0

Option 2: 𝑀𝐷 𝑤𝐷 = 1.



A Most Learned Video about Computability!

https://www.youtube.com/watch?v=xx5t5ps-bwc

https://www.youtube.com/watch?v=xx5t5ps-bwc


Ali G Function

38

“Will there computers ever 
be able to work out what 
99999999…9 multiplied by 
99999999…9”



Ali G Function

39

∀𝑥, 𝑦 ∈ 9 ∗, 𝐴𝑙𝑖𝐺 𝑥, 𝑦 ≔ 𝑥 × 𝑦

Is there a Turing Machine 𝑀AliG that computes 𝐴𝑙𝑖𝐺?



Computability ≠ Practical Solvability

What does computability of Ali G function mean?

𝑥, 𝑦 ∈ 9 ∗, 𝐴𝑙𝑖𝐺 𝑥, 𝑦 ≔ 𝑥 × 𝑦



Computability ≠ Practical Solvability

What does uncomputability of ACCEPTS mean?

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 



Computability ≠ Practical Solvability

What does uncomputability of ACCEPTS mean?

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

There is no Turing Machine that, for all inputs 𝑤, 𝑥 ∈ 0, 1 ∗ can 
output the value of 𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤, 𝑥 . Any TM must, for at least one 
input 𝑤, 𝑥 ∈ 0, 1 ∗,  either output the wrong value or run forever.

Exercise: prove that any TM must, for at least two inputs, either output the wrong value or run forever



More Uncomputable Functions

43

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 

Is HALTS computable?

Strategy: look for an infinite loop in 𝑤



More Uncomputable Functions

44

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 

Can we show HALTS is computable?

Strategy: look for an infinite loop in 𝑤
Strategy: run 𝑇𝑀𝑤(𝑥) and look for repeated states 

Exercise: write a TM that increments a counter infinitely



Halting Problem

45

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 

How can we show HALTS is uncomputable?

Strategy 1: show we can use a machine that computes it to produce 
a contradiction (like we did to show ACCEPTS is uncomputable)



Halting Problem

46

How can we show HALTS is uncomputable?

Strategy 1: show we can use a machine that computes it to produce 
a contradiction (like we did to show ACCEPTS is uncomputable)

Strategy 2: show we can use a machine that computes it to 
produce a machine that computes ACCEPTS.

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise
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