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Recap: Computable Functions

Definition:
A Boolean function 𝐹: 0,1 ∗ → {0,1} is computable if and 
only if there exists a Turing machine 𝑀 such that
for all 𝑥 ∈ 0,1 ∗, 𝑀 𝑥 = 𝐹(𝑥). 
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Definition:

A language 𝐿 ⊆ 0,1 ∗ is computable if and only if there exists a Turing machine 𝑀 
such that for all 𝑥 ∈ 0,1 ∗, 

𝑀 𝑥 = ቊ
0 𝑖𝑓 𝑥 ∉ 𝐿
1 𝑖𝑓 𝑥 ∈ 𝐿.



Recap: Universal Turing Machine
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Universal
Turing

Machine

𝑤

𝑥

ቊ
𝑇𝑀𝑤(𝑥)

0
 if 𝑤 represents TM

otherwise



Recap: 𝐴𝐶𝐶𝐸𝑃𝑇𝑆 is uncomputable
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Boolean function:

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

(A statement)
There is no Turing Machine that, for all inputs 𝑤, 𝑥 ∈ 0, 1 ∗ can 
output the value of 𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤, 𝑥 . Any TM must, for at least one 
input 𝑤, 𝑥 ∈ 0, 1 ∗,  either output the wrong value or run forever.

A Turing Machine, 𝑀 = (Σ, 𝑘, 𝛿), accepts a string, 𝑥, if 𝑀 𝑥 = 1.
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0 …

1 ✓ ✓ ✓ ✓

00

01 ✓ ✓ ✓

10 ✓

11

000 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

…

Input, 𝑥

TM
, 𝑤

✓ in (𝑤, 𝑥) means 𝑇𝑀𝑤 𝑥 = 1

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) 

What’s the TM that computes 
“negation of the diagonal”? 



Efficiency of Turing Machines
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Halting Problem
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𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 

Can we show HALTS is computable?

Strategy: look for an infinite loop in 𝑤
Strategy: run 𝑇𝑀𝑤(𝑥) and look for repeated states 

Exercise: write a TM that increments a counter infinitely



Prove Halting Problem
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𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 

How can we show HALTS is uncomputable?

Strategy 1: show we can use a machine that computes it to produce 
a contradiction (like we did to show ACCEPTS is uncomputable)



Prove by Reduction
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How can we show HALTS is uncomputable?

Strategy 1: show we can use a machine that computes it to produce 
a contradiction (like we did to show ACCEPTS is uncomputable)

Strategy 2: show we can use a machine that computes it to 
produce a machine that computes ACCEPTS.

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 



Prove by Reduction
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Strategy 2: show we can use a machine that computes it to 
produce a machine that computes ACCEPTS.

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 

𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 

If there exists 𝑀𝐵 that solves 𝐵, then we have 𝑀𝐴 that solves 𝐴



Proving HALTS is Uncomputable

Assume 𝐻𝐴𝐿𝑇𝑆 is computable. 

By the assumption (and definition of computable), 
there exists some TM 𝑀𝐻𝐴𝐿𝑇𝑆 that computes 𝐻𝐴𝐿𝑇𝑆.

We can use 𝑀𝐻𝐴𝐿𝑇𝑆 to build a machine that decides 
𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥):
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𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 



Proving HALTS is Uncomputable

Assume 𝐻𝐴𝐿𝑇𝑆 is computable. 

By the assumption (and definition of computable), 
there exists some TM 𝑀𝐻𝐴𝐿𝑇𝑆 that computes 𝐻𝐴𝐿𝑇𝑆.

We can use 𝑀𝐻𝐴𝐿𝑇𝑆 to build a machine that decides 
𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥):
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𝑀𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤, 𝑥 :    ℎ =  𝒰(𝑀𝐻𝐴𝐿𝑇𝑆, (𝑤, 𝑥))

            if ℎ:  return 𝒰(𝑤, 𝑥) 
     else: return False

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 



Proving HALTS is Uncomputable
Assume 𝐻𝐴𝐿𝑇𝑆 is computable. By the assumption (and 
definition of computable), there exists some TM 𝑀𝐻𝐴𝐿𝑇𝑆 that 
computes 𝐻𝐴𝐿𝑇𝑆. We can use 𝑀𝐻𝐴𝐿𝑇𝑆 to build a machine that 
decides 𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥):
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𝑀𝐴𝐶𝐶𝐸𝑃𝑇𝑆 𝑤, 𝑥 :    ℎ =  𝒰(𝑀𝐻𝐴𝐿𝑇𝑆, (𝑤, 𝑥))

            if ℎ:  return 𝒰(𝑤, 𝑥) 
     else: return False

Thus, since we know 𝑀𝐴𝐶𝐶𝐸𝑃𝑇𝑆 does not exist, but if we had 𝑀𝐻𝐴𝐿𝑇𝑆 we 
could build it, we have a contradiction! This proves that 𝑀𝐻𝐴𝐿𝑇𝑆 must not 
exist which means 𝐻𝐴𝐿𝑇𝑆 is not computable. 

𝐴𝐶𝐶𝐸𝑃𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 accepts 𝑥
0,  otherwise

 𝐻𝐴𝐿𝑇𝑆(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 



Running Time and Busy Beavers
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PRR9: 
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Running time:
The number of steps.
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Busy Beaver
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𝐵𝐵 𝑛 : the TM such that among all 𝑛-state Turing machines 
that halt on no input, 𝐵𝐵(𝑛) runs longest

A Turing Machine, is defined by Σ, 𝑘, 𝛿 :
𝑘 ∈ ℕ: a finite number of states
Σ:  finite set of symbols, Σ ⊇ {0, 1, ⊳, ∅}  
𝛿: 𝑘  ×  Σ → 𝑘  ×  Σ ×  {𝐋, 𝐑, 𝐒, 𝐇}

For any 𝑛, a Turing Machine
Σ, 𝑛, 𝛿  consists of 𝑛 state.



How many TMs consists of 𝒏 states?
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A Turing Machine, is defined by Σ, 𝑘, 𝛿 :
𝑘 ∈ ℕ: a finite number of states
Σ:  finite set of symbols, Σ ⊇ {0, 1, ⊳, ∅}  
𝛿: 𝑘  ×  Σ → 𝑘  ×  Σ ×  {𝐋, 𝐑, 𝐒, 𝐇}

For any 𝑛, a Turing Machine
Σ, 𝑛, 𝛿  consists of 𝑛 state.



Busy Beaver
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𝐵𝐵 𝑛 : the TM such that among all 𝑛-state Turing machines 
that halt on no input, 𝐵𝐵(𝑛) runs longest

Finitely many

Huh?



Can we compute BB(n)?
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Nemo, photo by Sankalpa
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http://morphett.info/turing/turing.html?94a288fb9c40906d7e6face4bc422ece
https://bbchallenge.org/1RB1LC_1RC1RB_1RD0LE_1LA1LD_1RZ0LA 

http://morphett.info/turing/turing.html?94a288fb9c40906d7e6face4bc422ece
https://bbchallenge.org/1RB1LC_1RC1RB_1RD0LE_1LA1LD_1RZ0LA
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https://www.quantamagazine.org/amateur-mathematicians-find-
fifth-busy-beaver-turing-machine-20240702/ 

https://www.quantamagazine.org/amateur-mathematicians-find-fifth-busy-beaver-turing-machine-20240702/
https://www.quantamagazine.org/amateur-mathematicians-find-fifth-busy-beaver-turing-machine-20240702/


Church-Turing Thesis
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Church-Turing Thesis

A Turing Machine (or 
Lambda Calculus) can 

simulate any
“mechanical computer”.
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Alonzo Church, 1903-1995 Alan Turing, 1912-1954

Is this a statement that can be proven true or false?



Church-Turing Thesis
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Alan Turing, 1912-1954
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Church-Turing Thesis

A Turing Machine (or 
Lambda Calculus) can 

simulate any
“mechanical computer”.
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Alonzo Church, 1903-1995 Alan Turing, 1912-1954

All conceivable computers in this universe 
(or any imaginable one) are no more 
powerful than a Turing Machine.



Does Church-
Turing thesis 

cover Quantum 
Computers?
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Does Church-
Turing thesis 

cover Quantum 
Computers?
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Yes! We can simulate a 
Quantum Computer with a 
Turing Machine. 
(Note: Stronger version that 
accounts for number of steps 
might or might not be 
covered.)



Reductions
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How we proved uncomputability
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ACCEPT = { 𝑤, 𝑥 ∶ 𝑇𝑀𝑤 accepts 𝑥}

Proof: …

HALT = { 𝑤, 𝑥 ∶ 𝑇𝑀𝑤 halts on 𝑥}

Proof: if HALT computable → ACCEPT computable

Three step process:
1. Assume 𝑀𝐻 decides HALT

2. Construct 𝑀𝐴 𝑤, 𝑥 ≔ If 𝑀𝐻 𝑤, 𝑥 return 𝑈 𝑤, 𝑥 else return 0

3. Prove that 𝑀𝐴 would decide ACCEPT (assuming 𝑀𝐻 decides HALT)



Reductions at abstract level

Reducing “task” 𝐴 to “task” 𝐵, denoted by 𝐴 ≤𝑅 𝐵
Showing that solving 𝐴 is easier than or equal to 𝐵

Corollary:
1. If 𝐵 is easy → 𝐴 is easy too
2. If 𝐴 is hard → 𝐵 is hard too.

How the proof looks like:
1. Assume that algorithm 𝑀𝐵 solves 𝐵
2. Design algorithm 𝑀𝐴 (that uses 𝑀𝐵 as subroutine)
3. Prove that 𝑀𝐴 solves 𝐴 if 𝑀𝐵 solves 𝐵 31



How we proved uncomputability

32

ACCEPT = { 𝑤, 𝑥 ∶ 𝑀𝑤 accepts 𝑥}

Proof: …

HALT = { 𝑤, 𝑥 ∶ 𝑀𝑤 halts on 𝑥}

Proof: if HALT computable → ACCEPT computable

This was a proof by reduction!

It proved that HALT ≤𝑅 ACCEPT (in their hardness level)



35https://ericllong.wordpress.com/2022/09/26/square-peg-round-hole/

https://ericllong.wordpress.com/2022/09/26/square-peg-round-hole/


36https://spacecenter.org/apollo-13-infographic-how-did-they-make-that-co2-scrubber/ 

https://spacecenter.org/apollo-13-infographic-how-did-they-make-that-co2-scrubber/


Charge
Uncomputability

Halting Problem

Church-Turing Thesis

Reductions
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PS8 due next Monday, Apr 7
Coming later today: PS9, PRR10
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