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Recap: TIME Complexity Classes

1

𝑇𝐼𝑀𝐸TM 𝑇 𝑛  is the set of Boolean functions for which a Turing 

Machine 𝑀 exists such that 𝑀 halts after at most 𝑇 𝑛  steps for all 
𝑛-bit input and 𝑀 computes the function. 



Recap: Complexity Class: P

2

Class P = ڂ𝑐∈ℕ 𝑇𝐼𝑀𝐸𝑇𝑀(𝑛𝑐)

A class for “Polynomial Time”

P𝑇𝑀 = P𝑇𝑀2𝑤 = PRAM = PPython  

P𝑇𝑀 = ڂ𝑐∈ℕ 𝑇𝐼𝑀𝐸𝑇𝑀(𝑛𝑐)

P𝑇𝑀2𝑤 = ڂ𝑐∈ℕ 𝑇𝐼𝑀𝐸𝑇𝑀2𝑤(𝑛𝑐)

One-way infinite tape TM

Two-way infinite tape TM

PRAM = ڂ𝑐∈ℕ 𝑇𝐼𝑀𝐸RAM(𝑛𝑐)

PPython = ڂ𝑐∈ℕ 𝑇𝐼𝑀𝐸Python(𝑛𝑐) Idealized Python interpreter

RAM machine



Worst-case vs. Average case

𝑇𝐼𝑀𝐸𝑇𝑀(𝑇) and 𝑃, 𝐸𝑋𝑃 are defined based on worst-case running 
time on all inputs.

Suppose an algorithm 𝐴 for 𝐹 solves all instance 𝑥 ∈ 0,1 𝑛 in linear 
Θ(𝑛) except one instance, for which it takes 2𝑛 to solve. Then, what 
is the average (case) running time for a random 𝑥 ∈ 0,1 𝑛 ?

(This is different from expected running time for quick sort.)
3

𝑇𝐼𝑀𝐸TM 𝑇 𝑛  is the set of Boolean functions for which a Turing Machine 𝑀 exists such that 

𝑀 halts after at most 𝑇 𝑛  steps for all 𝑛-bit input and 𝑀 computes the function. 



Problem: LongestPath

4



Functions in P?

5

LongestPath
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 𝑠, 𝑡 ∈ 𝑉, and a path length, ℓ ∈ ℕ. 
Output: If there is a simple path from 𝑠 to 𝑡 in 𝐺 of length at least ℓ, 1. Otherwise, 0.

Definition: a simple path in a graph 𝐺 = 𝑉, 𝐸  from 
𝑠, 𝑡 ∈ 𝑉 is a path from 𝑠 to 𝑡 where no node is repeated.

LongestPath is not known to be in P: it might be, it might 
not be. (We’ll see a more about this in future classes…)



Shortest Path

Given an unweighted graph, start node 𝑠 and an end 
node 𝑡, how long is shortest path from 𝑠 to 𝑡?
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ShortestPath-Search(G, A, E) = 2
Is ShortestPath in P?

Definition: a path from 𝑣1 to 𝑣𝑘  in a graph 𝐺 = (𝑉, 𝐸) is a sequence of nodes (𝑣1, 𝑣2, … , 𝑣𝑘) 
such that ∀ 1 ≤ 𝑖 ≤ 𝑘 − 1, 𝑣𝑖 , 𝑣𝑖+1 ∈ 𝐸. A simple path is a path with no repeated nodes.



Shortest Path
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ShortestPath-Search(G, A, E) = 2
Is ShortestPath in P?

ShortestPath(𝐺, 𝑠, 𝑡, 𝑘):
1 iff there is a path from s to t in G with ≤ 𝑘 steps



Breadth First Search

8

A

B

C

D

E

F
G

I

H

ShortestPath(𝐺, 𝑠, 𝑡, 𝑘):
1 iff there is a path from s to t in G with ≤ 𝑘 steps

Running time: 𝑂 𝑉 + 𝐸 ShortestPath ∈ P



Longest Path

Given a start node 𝑠 and an end node 𝑡, how long is 
longest simple path from 𝑠 to 𝑡?

9

Definition: a path from 𝑣1 to 𝑣𝑘  in a graph 𝐺 = (𝑉, 𝐸) is a sequence of nodes (𝑣1, 𝑣2, … , 𝑣𝑘) 
such that ∀ 1 ≤ 𝑖 ≤ 𝑘 − 1, 𝑣𝑖 , 𝑣𝑖+1 ∈ 𝐸. A simple path is a path with no repeated nodes.

LongestPath-Search(𝐺, 𝑠, 𝑡)
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 𝑠, 𝑡 ∈ 𝑉 
Output: The length of the longest simple path from 𝑠 to 𝑡 in 𝐺.



Longest Path Algorithm

maxlength = 0

for all subsets S of V:

for all orderings of S:

if it is a path from 𝑠 to 𝑣:

if len(S) > maxlength: maxlength = len(S)
return maxlength

10

What’s the running time?



Is LongestPath ∈ EXP? 

11

LongestPath-Search
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 𝑠, 𝑡 ∈ 𝑉 
Output: The length of the longest simple path from 𝑠 to 𝑡 in 𝐺.



Is LongestPath ∈ EXP? 

12

LongestPath-Search
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 𝑠, 𝑡 ∈ 𝑉 
Output: The length of the longest simple path from 𝑠 to 𝑡 in 𝐺.



How can we turn LongestPath into a 
decision problem?

13

LongestPath-Search
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 𝑠, 𝑡 ∈ 𝑉 
Output: The length of the longest simple path from 𝑠 to 𝑡 in 𝐺.

𝐹: 0, 1 ∗ → {0, 1}



How can we turn LongestPath into a 
decision problem?

14

LongestPath-Search
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 𝑠, 𝑡 ∈ 𝑉 
Output: The length of the longest simple path from 𝑠 to 𝑡 in 𝐺.

𝐹: 0, 1 ∗ → {0, 1}

LongestPath-Decision(𝐺, 𝑠, 𝑡, ℓ)
Input: 
A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 𝑠, 𝑡 ∈ 𝑉, and a path length, ℓ ∈ ℕ. 

Output: 
If there is a simple path from 𝑠 to 𝑡 in 𝐺 of length at least ℓ, 1. Otherwise, 0.



Is LongestPath-Decision easier than 
LongestPath-Search?

LongestPath-Decision(𝐺, 𝑠, 𝑡, ℓ):

if LongestPath-Search 𝐺, 𝑠, 𝑡 ≥ ℓ:

return 1

return 0

LongestPath-Decision is easier or equal to 

LongestPath-Search

15



Can we use LongestPath-Decision to solve 
LongestPath-Search?

16

LongestPath-Search (𝐺, 𝑠, 𝑡)
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 𝑠, 𝑡 ∈ 𝑉 
Output: The length of the longest simple path from 𝑠 to 𝑡 in 𝐺.

LongestPath-Decision (𝐺, 𝑠, 𝑡, ℓ)
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 𝑠, 𝑡 ∈ 𝑉, and a path length, ℓ ∈ ℕ. 
Output: If there is a simple path from 𝑠 to 𝑡 in 𝐺 of length at least ℓ, 1. Otherwise, 0.



Search and Decisional LongestPath are 
“equivalent in poly-time”

LongestPath-Search ∈ P iff LongestPath-Decision ∈ P

LongestPath-Search ∈ EXP and LongestPath-Decision ∈ EXP

17
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Seem to be “easy”: known 
polynomial-time algorithms

Class P = ڂ𝑐∈{1,2,3,… } 𝑇𝐼𝑀𝐸𝑇𝑀(𝑛𝑐) Class EXP = ڂ𝑐∈{1,2,3,… } 𝑇𝐼𝑀𝐸𝑇𝑀(2𝑛𝑐
)

ShortestPath LongestPath

ShortestPath is in P

LongestPath is in EXP
(but not known if it is outside P)



Polynomial-Time Reductions

19



Recap: Computability Reductions

20

𝐴 ≤𝑅 𝐵

We can prove a problem B is uncomputable by showing that if we could 
compute B we could use the machine that computes B to compute A, 
which we already know is uncomputable.

A reduces to B

Since we were showing uncomputability, the reduction can do anything that can be computed by a TM.



Polynomial-Time Reductions

21

𝐴 ≤𝑃 𝐵

We will use this to prove that problem B is as least as “hard” as problem A 
by showing that if computing B is in P we could use the machine that 
computes B to compute A in P (but we already know A is “hard”).

A (polynomial-time) reduces to B

Since we are showing a hardness property related to P, the reduction must only involve computation 
that can be done in P.

We haven’t yet defined “hard” here, or shown any problem we know is “hard” (preview: LongestPath is “hard”).



Comparison

22

𝐴 ≤𝑅 𝐵
A reduces to B

𝐴 ≤𝑃 𝐵
A (polynomial-time) reduces to B

Prove non-computability of B Prove non-”easiness” of B

Reduction must be computable Reduction must be “easy” (in P)



Polynomial Reduction Definition

23

Note: This is the “Karp reduction” definition. (There are restrictive definitions – see PS10 Problem 2)



Trivial Example

Prove  
𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ𝐷𝑒𝑐𝑖𝑠𝑖𝑜𝑛 ≤𝑃 𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ𝐷𝑒𝑐𝑖𝑠𝑖𝑜𝑛.

24

𝐹, 𝐺: 0, 1 ∗ → 0, 1 .  𝐹 ≤𝑝 𝐺 if there is a polynomial-time computable 

𝑅: 0, 1 ∗ → 0, 1 ∗ such that for every 𝑥 ∈ 0, 1 ∗, 𝐹 𝑥 = 𝐺(𝑅 𝑥 ). 

How about proving: 
𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ𝐷𝑒𝑐𝑖𝑠𝑖𝑜𝑛 ≤𝑃 𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ𝑆𝑒𝑎𝑟𝑐ℎ?



Less Trivial Example

Prove  𝑂𝐷𝐷 ≤𝑃 𝐸𝑉𝐸𝑁.

25

𝐹, 𝐺: 0, 1 ∗ → 0, 1 .  𝐹 ≤𝑝 𝐺 if there is a polynomial-time computable 

𝑅: 0, 1 ∗ → 0, 1 ∗ such that for every 𝑥 ∈ 0, 1 ∗, 𝐹 𝑥 = 𝐺(𝑅 𝑥 ). 

𝑂𝐷𝐷: 0, 1 ∗ → 0, 1 . Output 1 of input is binary 
representation of a odd natural number, 0 otherwise.
𝐸𝑉𝐸𝑁: 0, 1 ∗ → 0, 1 . Output 1 of input is binary 
representation of a even natural number, 0 otherwise.



More poly-time reductions

26



The picture for Karp reductions

We have a solver 𝑀𝐺 for 𝐺

We design a solver 𝑀𝐹 for 𝐹 as follows:

1. Use the poly-time reduction 𝑅 to modify input 𝑥 into 𝑦

2. Output 𝑀𝐺(𝑦)

2727

𝑅 𝑀𝐺
𝑥 yes / no

𝑀𝐹

𝑦



Cook reductions

In Cook reductions, the “subroutine” 𝑀𝐺 can be used 
multiple times, but the reduction still shall run in 
polynomial time over |x|.

2828

𝑅 𝑀𝐺
𝑥

𝑀𝐹



Cook reductions

In Cook reductions, the “subroutine” 𝑀𝐺 can be used 
multiple times, but the reduction still shall run in 
polynomial time over |x|.

2929

𝑅 𝑀𝐺
𝑥

𝑀𝐹

How many times 
𝑀𝐺  can be called?



Examples

𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ𝐷𝑒𝑐𝑖𝑠𝑖𝑜𝑛 ≤𝑃 𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ𝑆𝑒𝑎𝑟𝑐ℎ.

𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ𝑆𝑒𝑎𝑟𝑐ℎ ≤𝑃 𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ𝐷𝑒𝑐𝑖𝑠𝑖𝑜𝑛.

30

𝑅 𝑀𝐺
𝑥

𝑀𝐹

𝑅 𝑀𝐺
𝑥

𝑀𝐹



Karp Reductions vs. Cook Reductions

Every Karp reduction is a Cook reduction too.

A Cook reduction is not necessarily a Karp reduction.

31



Uses of Reductions

Reductions can be used to show easiness and hardness

Suppose 𝐹 ≤𝑃 𝐺 then we have:

• 𝐺 ∈ 𝐏 → 𝐹 ∈ 𝐏 (deriving easiness)

• 𝐹 ∉ 𝐏 → 𝐺 ∉ 𝐏 (deriving hardness)
Michael Sipser: “whistling pigs → flying horses”

32



More “Hard” Problems: SAT

33



Another Problem (Seemingly) Outside P

CircuitSAT : 
{𝐶 ∶ 𝐶 is a Boolean circuit such that ∃𝑥, 𝐶 𝑥 = 1}

34



Another Problem (Seemingly) Outside P

CircuitSAT : 
{𝐶 ∶ 𝐶 is a Boolean circuit such that ∃𝑥, 𝐶 𝑥 = 1}

35



3-CNF (Conjunctive Normal Form)

3-CNF formula is logical AND of clauses, each an OR 
of 3 literals.

36

Clause
Variables

𝑥1 ∨ 𝑥2 ∨ 𝑥3 ∧ 𝑥1 ∨ 𝑥2 ∨ 𝑥2 ∧ 𝑥4 ∨ 𝑥2 ∨ 𝑥3 ∧ 𝑥3 ∨ 𝑥1 ∨ 𝑥4 ∧ (𝑥1 ∨ 𝑥2 ∨ 𝑥3)
𝐹 𝑥1, 𝑥2, 𝑥3, 𝑥4 =



3-CNF

Def: Suppose 𝑥1, … 𝑥𝑛 are Boolean variables. 

Any 𝑥𝑖 or 𝑥𝑖 = 1 − 𝑥𝑖 is a literal.

Any (𝑧𝑖∨ 𝑧𝑗 ∨ 𝑧𝑘) over literals 𝑧𝑖 , 𝑧𝑗 , 𝑧𝑘 is a 3-clause.

A 3-CNF (conjunctive normal form) formula looks like 
𝐶1 ∧ 𝐶2 ∧ ⋯ 𝐶𝑚 in which all 𝐶𝑖 are 3-clauses.

We say assignment 𝑥 to 𝑥1, … 𝑥𝑛 satisfies 3-CNF 𝐹, denoted 
by 𝐹 𝑥 = 1, if at least one literal in each clause is TRUE.

37



3-SAT (Satisfiability)

Given a 3-CNF formula 𝐹, is there an assignment of 
true/false such that 𝐹(assignment)=1?

38

𝑥1 ∨ 𝑥2 ∨ 𝑥3 ∧ 𝑥1 ∨ 𝑥2 ∨ 𝑥2 ∧ 𝑥4 ∨ 𝑥2 ∨ 𝑥3 ∧ 𝑥3 ∨ 𝑥1 ∨ 𝑥4 ∧ (𝑥1 ∨ 𝑥2 ∨ 𝑥3)

𝒙𝟏 = 𝒕𝒓𝒖𝒆
𝒙𝟐 = 𝒇𝒂𝒍𝒔𝒆
𝒙𝟑 = 𝒇𝒂𝒍𝒔𝒆
𝒙𝟒 = 𝒕𝒓𝒖𝒆

𝐹 𝑥1, 𝑥2, 𝑥3, 𝑥4 =

Definition:
3-SAT(F) = 1 if there exists x such that F(x) = 1
  0 otherwise.



Examples of 3-CNF

• (𝑥1∨ 𝑥2 ∨ ҧ𝑥3) ∧ (𝑥3∨ 𝑥2 ∨ 𝑥4) ∧ (𝑥1∨ 𝑥2 ∨ 𝑥3)

• (𝑥1∨ 𝑥1 ∨ 𝑥1) ∧ ( ҧ𝑥1 ∨ ҧ𝑥1 ∨ ҧ𝑥1)

• (𝑥1∨ 𝑥2 ∨ ҧ𝑥3) ∧ (𝑥3∨ ҧ𝑥2 ∨ 𝑥4) ∧ (𝑥1∨ 𝑥2 ∨ 𝑥3) ∧
( ҧ𝑥1 ∨ 𝑥3 ∨ 𝑥4)

39

Are they in 3-SAT?



3-SAT ≤𝑷 𝐂𝐢𝐫𝐜𝐮𝐢𝐭𝐒𝐀𝐓

Suppose we are given a 3-CNF formula 𝐹. How do we 
(efficiently) transform 𝐹 into a circuit 𝐶𝐹 such that 𝐶𝐹 is 
satisfiable if and only if 𝐹 is satisfiable?

40
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Seem to be “easy”: known 
polynomial-time algorithms

Class P = ڂ𝑐∈{1,2,3,… } 𝑇𝐼𝑀𝐸𝑇𝑀(𝑛𝑐) Class EXP = ڂ𝑐∈{1,2,3,… } 𝑇𝐼𝑀𝐸𝑇𝑀(2𝑛𝑐
)

ShortestPath

3-SAT
CircuitSAT

LongestPath



Complexity Class NP

42

NP stands for “non-deterministic” polynomial time. 



Revisiting the hard problems we have seen

What do these problems have in common?
CircuitSAT, LongestPath, 3-SAT

• We do not know any poly-time algorithm for them.

• In class EXP

• There are some poly-time reductions between them

43

Big idea: Once the instance is in the language, 
there is a short convincing “witness” / “proof” for this claim.



3-SAT: (𝑥1∨ 𝑥2 ∨ ҧ𝑥3) ∧ (𝑥3∨ 𝑥2 ∨ 𝑥4) ∧ (𝑥1∨ 𝑥2 ∨ 𝑥3)

CircuitSAT:

LongestPath:

44
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Defining Complexity Class NP

Informal def: decisional problem 𝐹 is in 𝑁𝑃 if:
whenever a problem instance 𝑥 ∈ 𝐹 then this can be 
proved by providing a witness that is polynomial-time 
verifiable.

45



Defining Complexity Class NP

Formal Definition of NP:

46



The Class NP

47

The Class P

Functions that can be 
computed in polynomial time 
by a standard Turing Machine.

Functions that can be verified in 
polynomial time by a standard 
Turing Machine.

Correctness of a 1 output 
can be verified in polynomial 
time given a witness.

ራ

𝑐∈ℕ

𝑇𝐼𝑀𝐸𝑇𝑀(𝑛𝑐)
A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1 ↔ ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



LongestPath ∈ NP

48

Correctness of a 1-output 
can be verified in polynomial 
time given a witness.

LongestPath
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two 
vertices, 𝑠, 𝑡 ∈ 𝑉, and a path length, 𝑛 ∈ ℕ. 
Output: If there is a simple path from 𝑠 to 𝑡 
in 𝐺 of length at least 𝑛, 1. Otherwise, 0.

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1 ↔ ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



3SAT ∈ NP

49

3SAT
Input: A Boolean formula in 3CNF form.
Output: If there is an assignment of values 
to variables that makes the formula to 
True, 1. Otherwise, 0.

Correctness of a 1-output 
can be verified in polynomial 
time given a witness.

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1 ↔ ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



NPP

50

3𝑆𝐴𝑇

𝑆ℎ𝑜𝑟𝑡𝑒𝑠𝑡𝑃𝑎𝑡ℎ

Unknown if 3𝑆𝐴𝑇 ∈ P Known that 3𝑆𝐴𝑇 ∈ NP 

𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ

𝐶𝑖𝑟𝑐𝑢𝑖𝑡𝑆𝐴𝑇

𝑆𝑂𝑅𝑇



Charge
Time complexity

Polynomial-time reductions

Class NP

51

PS10 due next Friday, Apr 25
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