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Recap: Complexity Class NP

Informal def: decisional problem 𝐹 is in 𝑁𝑃 if:
whenever a problem instance 𝑥 ∈ 𝐹 then this can be 
proved by providing a witness that is polynomial-time 
verifiable.
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Recap: Complexity Class NP

Formal Definition of NP:
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The Class NP
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The Class P

Functions that can be 
computed in polynomial time 
by a standard Turing Machine.

Functions that can be verified in 
polynomial time by a standard 
Turing Machine.

Correctness of a 1 output 
can be verified in polynomial 
time given a witness.

ራ

𝑐∈ℕ

𝑇𝐼𝑀𝐸𝑇𝑀(𝑛𝑐)
A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



Example: 3SAT ∈ NP
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3SAT
Input: A Boolean formula in 3CNF form.
Output: If there is an assignment of values 
to variables that makes the formula to 
True, 1. Otherwise, 0.

Correctness of a 1-output 
can be verified in polynomial 
time given a witness.

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 

x: (𝑥1∨ 𝑥2 ∨ ҧ𝑥3) ∧ (𝑥3∨ 𝑥2 ∨ 𝑥4) ∧ (𝑥1∨ 𝑥2 ∨ 𝑥3)
F: 3SAT
w: 𝑥1 = 1, 𝑥2 = 1, 𝑥3 = 1, 𝑥4 = 1
V(x,w): put w into x



Example: 3SAT ∈ NP
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3SAT
Input: A Boolean formula in 3CNF form.
Output: If there is an assignment of values 
to variables that makes the formula to 
True, 1. Otherwise, 0.

Correctness of a 1-output 
can be verified in polynomial 
time given a witness.

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 

x: (𝑥1∨ 𝑥2 ∨ ҧ𝑥3) ∧ (𝑥3∨ 𝑥2 ∨ 𝑥4) ∧ (𝑥1∨ 𝑥2 ∨ 𝑥3)
F: 3SAT
w: 𝑥1 = 1, 𝑥2 = 1, 𝑥3 = 1, 𝑥4 = 1
V(x,w): put w into x

 , “if and only if”:
𝐹 𝑥 = 0 ⇒ not exists 𝑤 

such that …



LongestPath ∈ NP
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Correctness of a 1-output 
can be verified in polynomial 
time given a witness.

LongestPath
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two 
vertices, 𝑠, 𝑡 ∈ 𝑉, and a path length,ℓ ∈ ℕ. 
Output: If there is a simple path from 𝑠 to 𝑡 
in 𝐺 of length at least ℓ, 1. Otherwise, 0.

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 

A

B

C

D

E

F G

I

H
F: LongestPath
x: 𝐺, 𝑠, 𝑡, ℓ
w: a path of length ℓ
V: check the path



Example: P ⊆ NP ⊆ EXP
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Suppose 𝐹 ∈ 𝐏. Can we show that 𝐹 ∈ NP ?

Yes, proof:

𝑎 = 

𝑤 = 

𝑉(𝑥, 𝑤) = 
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Class P = ڂ𝑐∈ℕ 𝑇𝐼𝑀𝐸𝑇𝑀(𝑛𝑐)

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  

such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈ 0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



Suppose 𝐹 ∈ 𝐏. Can we show that 𝐹 ∈ NP ?

Yes, proof:

By 𝐹 ∈ 𝐏, there is a TM 𝑀, 𝑐 ∈ ℕ such that 𝑀(𝑥) computes 𝐹 𝑥  
in 𝑛𝑐 steps for all n-bit 𝑥.

𝑎 = c

𝑤 = “”

𝑉(𝑥, 𝑤) = 𝑀(𝑥) 

We have 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 

Thus 𝐹 ∈ NP.
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Class P = ڂ𝑐∈ℕ 𝑇𝐼𝑀𝐸𝑇𝑀(𝑛𝑐)

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  

such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈ 0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



PRR12
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P ⊆ NP, so some problems in NP are not hard

Watch video: https://www.youtube.com/watch?v=dJUEkjxylBw

https://www.youtube.com/watch?v=dJUEkjxylBw


Suppose 𝐹 ∈ 𝐍𝐏. We have 𝑎, 𝑉.

Want: 𝐹 ∈EXP. TM 𝑀(𝑥) computes 𝐹(𝑥) in time 2𝑛𝑐
.

𝑀(𝑥):
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Class EXP = ڂ𝑐∈{1,2,3,… } 𝑇𝐼𝑀𝐸𝑇𝑀(2𝑛𝑐
)

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  

such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈ 0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



NPP
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3𝑆𝐴𝑇

𝑆ℎ𝑜𝑟𝑡𝑒𝑠𝑡𝑃𝑎𝑡ℎ

Unknown if 3𝑆𝐴𝑇 ∈ P Known that 3𝑆𝐴𝑇 ∈ NP 

𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ

𝐶𝑖𝑟𝑐𝑢𝑖𝑡𝑆𝐴𝑇

𝑆𝑂𝑅𝑇
EXP



More problems. Are they in NP?
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Example: PRIME and COMPOSITE

PRIME(x) =  1 if x is prime

   0 otherwise

COMPOSITE(x) = 1 if x is not prime

   0 otherwise

Is PRIME in P?    Is PRIME in NP?

Is COMPOSITE in P?   Is COMPOSITE in NP?
Eg, COMPOSITE(8633) = 1 bcs 97 × 89 = 8633
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A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



Primality Certificate

15

To be continued ... https://en.wikipedia.org/wiki/Primality_certificate

https://en.wikipedia.org/wiki/Primality_certificate
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https://annals.math.princeton.edu/wp-content/uploads/annals-v160-n2-p12.pdf



3UNSAT ∈? NP

17

3UNSAT
Input: A Boolean formula in 3CNF form.
Output: If there is an assignment of values to 
variables that makes the formula to True, 𝟎. 
Otherwise, 𝟏.

Correctness of a 1-output 
can be verified in polynomial 
time given a witness.

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 

3SAT
Input: A Boolean formula in 3CNF form.
Output: If there is an assignment of values to variables 
that makes the formula to True, 1. Otherwise, 0.

3UNSAT(x) = NOT( 3SAT(x) )
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LongestPath (𝐺, 𝑠, 𝑡, ℓ)
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 
𝑠, 𝑡 ∈ 𝑉, and a path length,ℓ ∈ ℕ. 
Output: If there is a simple path from 𝑠 to 𝑡 in 𝐺 of 
length at least ℓ, 1. Otherwise, 0.

NonLongestPath (𝐺, 𝑠, 𝑡, ℓ)
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two 
vertices, 𝑠, 𝑡 ∈ 𝑉, and a path length,ℓ ∈ ℕ. 
Output: If there is a simple path from 𝑠 to 𝑡 
in 𝐺 of length at least ℓ, 0. Otherwise, 1.

ShortestPath(𝐺, 𝑠, 𝑡, ℓ):
1 iff there is a path from s to t in G with ≤ ℓ steps

NonLongestPath (𝐺, 𝑠, 𝑡, ℓ) = NOT( LongestPath (𝐺, 𝑠, 𝑡, ℓ) )
NonLongestPath ∈? NP
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LongestPath (𝐺, 𝑠, 𝑡, ℓ)
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two vertices, 
𝑠, 𝑡 ∈ 𝑉, and a path length,ℓ ∈ ℕ. 
Output: If there is a simple path from 𝑠 to 𝑡 in 𝐺 of 
length at least ℓ, 1. Otherwise, 0.

NonLongestPath (𝐺, 𝑠, 𝑡, ℓ)
Input: A finite graph 𝐺 =  (𝑉, 𝐸), two 
vertices, 𝑠, 𝑡 ∈ 𝑉, and a path length,ℓ ∈ ℕ. 
Output: If there is a simple path from 𝑠 to 𝑡 
in 𝐺 of length at least ℓ, 0. Otherwise, 1.

ShortestPath(𝐺, 𝑠, 𝑡, ℓ):
1 iff there is a path from s to t in G with ≤ ℓ steps

NonLongestPath (𝐺, 𝑠, 𝑡, ℓ) = NOT( LongestPath (𝐺, 𝑠, 𝑡, ℓ) )

A

B

C

D

E

F G

I

H

NonLongestPath(G, A, E, 10) =
ShortestPath(G, A, E, 10) =
NonLongestPath(G, A, E, 5) =
ShortestPath(G, A, E, 5) =



Class co-NP
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3UNSAT
Input: A Boolean formula in 3CNF form.
Output: If there is an assignment of values to variables that makes the 
formula to True, 𝟎. Otherwise, 𝟏.

3SAT
Input: A Boolean formula in 3CNF form.
Output: If there is an assignment of values to variables 
that makes the formula to True, 1. Otherwise, 0.

Class co-NP = {𝐹: 𝐹 is a Boolean function and 𝑁𝑂𝑇 𝐹 𝑥 ∈ NP }

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



Class co-NP
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A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 

Class co-NP = {𝐹: 𝐹 is a Boolean function and 𝑁𝑂𝑇 𝐹 𝑥 ∈ NP }

P ⊆ co-NP

We do not know the inclusion between NP and co-NP



Open Problem: P = NP?
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Millennium Problem ($1 million prize)
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https://www.claymath.org/millennium/p-vs-np/ 

https://www.claymath.org/millennium/p-vs-np/


Yet another problem in NP

• How to accommodate 400 students in a dorm?

• Space is limited: only 100 places

• Some pairs of incompatible students such that no 
pair appear in final choice

24
https://www.claymath.org/millennium/p-vs-np/ 

Stephen Cook and Leonid Levin 

https://www.claymath.org/millennium/p-vs-np/


Open Problem: P = NP?

Is it harder to find a solution to a problem or to 
check if a provided solution is correct?

Yes: P ⊊ NP No: P = NP

There are some problems where it is 
hard to find a solution, but if given 
an answer it is easy to check it.

If it is easy to check if a solution to a 
problem is correct, it is also easy to 
find a solution to that problem.

The answer to this question is unknown! This is the most famous open problem in mathematics and computer science.
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P
3-SAT

2-SAT

NP

If P = NP If P ⊊ NP

P
3-SAT

2-SAT

𝑆𝐻𝑂𝑅𝑇𝑃𝐴𝑇𝐻

𝐿𝑂𝑁𝐺𝑃𝐴𝑇𝐻
𝐿𝑂𝑁𝐺𝑃𝐴𝑇𝐻𝑆𝐻𝑂𝑅𝑇𝑃𝐴𝑇𝐻

𝑀𝐼𝑁 𝑀𝐼𝑁
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P
3-SAT

2-SAT

NP

If P = NP If P ⊊ NP

P
3-SAT

2-SAT

𝑆𝐻𝑂𝑅𝑇𝑃𝐴𝑇𝐻

𝐿𝑂𝑁𝐺𝑃𝐴𝑇𝐻
𝐿𝑂𝑁𝐺𝑃𝐴𝑇𝐻𝑆𝐻𝑂𝑅𝑇𝑃𝐴𝑇𝐻

𝑀𝐼𝑁 𝑀𝐼𝑁

How could we prove P = NP?
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P
3-SAT

2-SAT

NP

If P = NP If P ⊊ NP

P
3-SAT

2-SAT

𝑆𝐻𝑂𝑅𝑇𝑃𝐴𝑇𝐻

𝐿𝑂𝑁𝐺𝑃𝐴𝑇𝐻
𝐿𝑂𝑁𝐺𝑃𝐴𝑇𝐻𝑆𝐻𝑂𝑅𝑇𝑃𝐴𝑇𝐻

𝑀𝐼𝑁 𝑀𝐼𝑁

How could we prove P ⊊ NP?



Complexity Class: NP-Hard

Definition: A Boolean function 𝐺 is NP-Hard 
if every 𝐹 ∈ 𝐍𝐏 can be reduced to 𝐺: 𝐹 ≤𝑃 𝐺. 
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P NP
NP-Hard



Definition: A function 𝐺 is NP-Hard if every 𝐹 ∈ 𝐍𝐏 
can be reduced to 𝐺: 𝐹 ≤𝑃 𝐺. 

30

Cook-Levin Theorem

Cook-Levin Theorem (Theorem 15.6 in the TCS Book):
For every 𝐹 ∈ 𝐍𝐏, 𝐹 ≤𝑝 3SAT.



Definition: A function 𝐺 is NP-Hard if every 𝐹 ∈ 𝐍𝐏 
can be reduced to 𝐺: 𝐹 ≤𝑃 𝐺. 
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Cook-Levin Theorem

Cook-Levin Theorem (Theorem 15.6 in the TCS Book):
For every 𝐹 ∈ 𝐍𝐏, 𝐹 ≤𝑝 3SAT.

Equivalently: 3SAT is (in) NP-Hard



Making Progress on P ⊊ NP
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Cook-Levin Theorem (Theorem 15.6 in the TCS Book):
For every 𝐹 ∈ 𝐍𝐏, 𝐹 ≤𝑝 3SAT.

P NP

If 3SAT ∈ P

P 3SAT𝑆𝐻𝑂𝑅𝑇𝑃𝐴𝑇𝐻

𝐿𝑂𝑁𝐺𝑃𝐴𝑇𝐻

𝐿𝑂𝑁𝐺𝑃𝐴𝑇𝐻

𝑆𝐻𝑂𝑅𝑇𝑃𝐴𝑇𝐻

𝑀𝐼𝑁

3SAT

𝑀𝐼𝑁

P

If 3SAT ∉ P

P

NP



NP-Complete

Definition: A function 𝐺 is NP-Hard if every 𝐹 ∈ 𝐍𝐏 
can be reduced to 𝐺: 𝐹 ≤𝑃 𝐺. 
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Definition: A function 𝐺 is NP-Complete if 𝐺 ∈ 𝐍𝐏 and 
𝐺 is NP-Hard.

Cook: 3SAT is NP-Hard
⇒ 3SAT is NP-Complete by 3SAT ∈ NP 



If P ⊊ NP

P

NP-C

P ⊊ NP, 

NP-C  P ⊊ NP



If P ⊊ NP

Another possibility?
P ⊊ NP, NP-C  P = NP

P

NP-C

P ⊊ NP, 

NP-C  P ⊊ NP

P

NP-C



If P ⊊ NP

Another possibility?
P ⊊ NP, NP-C  P = NP

P

NP-C

P ⊊ NP, 

NP-C  P ⊊ NP

P

NP-C

Ladner’s Theorem disallows 
this possibility:
P ⊊ NP implies there are 
problems in NP that are not in 
either P or NP-C



PRR12
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Watch video: https://www.youtube.com/watch?v=dJUEkjxylBw

P, NP-Complete, and there are “neither” problems by Ladner’s Thm 

https://www.youtube.com/watch?v=dJUEkjxylBw


If P = NP

P

NP

Option 2: P = NP

NP-C

≈ NP-Complete



If P = NP

P

NP

Option 2: P = NP

NP-C

≈ NP-Complete

NP-Hard = All Non-Constant Functions: 0, 1 ∗ → {0, 1}
Wrong! There are many functions not in P



Alternate Definition:
Nondeterministic Turing Machines

40
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How should we define a Nondeterministic Turing Machine?

A Turing Machine, is defined by Σ, 𝑘, 𝛿 :
 
𝒌 ∈  ℕ: a finite number of states
Σ ∶ alphabet − finite set of symbols 

Σ ⊇ {0, 1, ⊳, ∅}  
𝜹: transition function

𝜹: 𝑘  ×  Σ → 𝑘  ×  Σ ×  {𝐋, 𝐑, 𝐒, 𝐇}
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M A Nondeterministic Turing Machine, is 

defined by Σ, 𝑘, 𝛿 :
 
𝒌 ∈  ℕ: a finite number of states
Σ ∶ alphabet − finite set of symbols 

Σ ⊇ {0, 1, ⊳, ∅}  
𝜹: transition function
𝜹: 𝑘  ×  Σ → 𝑃𝑜𝑤( 𝑘  ×  Σ × 𝐋, 𝐑, 𝐒, 𝐇 )
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How should we define a Nondeterministic Turing Machine execution?

Definition. The output of the execution of a TM, 𝑀 =
Σ, 𝑘, 𝛿  is the result of this process:

1. Initialize  𝑇 𝑖 =  ∅ for all 𝑖 ∈  ℤ. 
2. Initialize two natural number variables, 𝑖 = 0, 𝑠 = 0.
3. repeat
 1. 𝑠′, 𝜎′, 𝐷 =  𝜹 𝑠, 𝑇 𝑖
 2. 𝑠 ∶= 𝑠′, 𝑇 𝑖 : = 𝜎′

 3. if 𝐷 = 𝐑: 𝑖 ∶= 𝑖 + 1
     if 𝐷 = 𝐋: 𝑖 ∶= 𝑖 − 1
     if 𝐷 = 𝐇: 𝐛𝐫𝐞𝐚𝐤 
4. If the process finishes (the repeat breaks), the result of 
this process is 𝑀 ∙ = 𝑇 1 , … , 𝑇 𝑚𝑟  where 𝑚𝑟 is the 
smallest integer such that ∀𝑧 > 𝑚𝑟 . 𝑇 𝑧 = ∅. 
Otherwise, 𝑀 ∙ = ⊥.
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Definition. The output of the execution of a TM, 𝑀 = Σ, 𝑘, 𝛿  is the result of this 
process:
1. Initialize  𝑇 𝑖 =  ∅ for all 𝑖 ∈  ℤ. 
2. Initialize configurations, 𝑍 = { 𝑇, 𝑖 = 0, 𝑠 = 0 }
3. repeat
  𝑍′ = {}
  foreach 𝑇, 𝑖, 𝑠 ∈ 𝑍:  
                   foreach 𝑠′, 𝜎′, 𝐷 ∈  𝜹 𝑠, 𝑇 𝑖
            2. 𝑇′ = 𝑇, 𝑇′ 𝑖 : = 𝜎′

            3. if 𝐷 = 𝐑: 𝑖′: = 𝑖 + 1
                if 𝐷 = 𝐋: 𝑖 ′ ∶= max{𝑖 − 1, 0}
                if 𝐷 = 𝐇: 𝐛𝐫𝐞𝐚𝐤 (outer loop)
            𝑍′ = 𝑍′ ∪ 𝑇′, 𝑖′, 𝑠′  
  𝑍 = 𝑍′

4. If the process finishes (the repeat breaks), the result of this process is 𝑀 ∙ =
𝑇′ 1 , … , 𝑇′ 𝑚𝑟  where 𝑚𝑟 is the smallest integer such that ∀𝑧 > 𝑚𝑟 . 𝑇′ 𝑧 = ∅. 
Otherwise, 𝑀 ∙ = ⊥.
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Definition. The output of the execution of a TM, 𝑀 = Σ, 𝑘, 𝛿  is the result of this 
process:
1. Initialize  𝑇 𝑖 =  ∅ for all 𝑖 ∈  ℤ. 
2. Initialize configurations, 𝑍 = { 𝑇, 𝑖 = 0, 𝑠 = 0 }
3. repeat
  𝑍′ = {}
  foreach 𝑇, 𝑖, 𝑠 ∈ 𝑍:  
                   foreach 𝑠′, 𝜎′, 𝐷 ∈  𝜹 𝑠, 𝑇 𝑖
            2. 𝑇′ = 𝑇, 𝑇′ 𝑖 : = 𝜎′

            3. if 𝐷 = 𝐑: 𝑖′: = 𝑖 + 1
                if 𝐷 = 𝐋: 𝑖 ′ ∶= max{𝑖 − 1, 0}
                if 𝐷 = 𝐇: 𝐛𝐫𝐞𝐚𝐤 (outer loop)
            𝑍′ = 𝑍′ ∪ 𝑇′, 𝑖′, 𝑠′  
  𝑍 = 𝑍′

4. If the process finishes (the repeat breaks), the result of this process is 𝑀 ∙ =
𝑇′ 1 , … , 𝑇′ 𝑚𝑟  where 𝑚𝑟 is the smallest integer such that ∀𝑧 > 𝑚𝑟 . 𝑇′ 𝑧 = ∅. 
Otherwise, 𝑀 ∙ = ⊥.

There are lots of other (better) ways to define the output of a nondeterministic TM, such 
as if any execution halts and outputs “1” the output is “1”.



Alternative definition:

A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists a non-
deterministic Turing machine 𝑀 and some constant 𝑎 ∈ ℕ+ 
such that 𝑀(𝑥) computes 𝐹(𝑥) in NTIME(𝑛𝑎) for all 𝑛-bit 
input 𝑥.

NTIME: number of transitions from the initial to the halting 
state.

Equivalent to:
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A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1  ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



Charge
Time complexity

 Class NP

 NP-Complete

Next time:

 Proof of Cook-Levin Theorem
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