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Same classroom, Rice 130
Scope: mostly after midterm (may use some earlier stuff)

Preparation: if you cleared all PS & PRR, you are good.
Additional exercises: textbook, other CS3120s

Relevant textbook sections will be updated soon:
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Recap: Cook-Levin Theorem

Cook-Levin Theorem (Theorem 15.6 in the TCS Book):
For every F € NP, F' <, 3SAT.

Equivalently: 3SAT is (in) NP-Hard



Recap NP-Complete

Definition: A function G is NP-Hard if every F € NP
can be reducedto G: F <, G.

Definition: A function G is NP-Complete if G € NP and
( is NP-Hard.

Cook: 3SAT is NP-Hard
= 3SAT is NP-Complete by 3SAT € NP
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Bejeweled, Candy Crush ( .) are NP-Hard
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How to prove F is NP-Complete?



We have:

Definition: A function G is NP-Hard if every F € NP
can be reducedto G: F <, G.

Definition: A function G is NP-Complete if G € NP and
( is NP-Hard.

Cook-Levin Theorem (Theorem 15.6 in the TCS Book):
For every F € NP, ' <,, 3SAT.



We want to show:

o A function F: {0, 1}* — {0, 1} is in NP if there exists some
e Fisin NP: a € N*and V:{0,1}" > {0, 1} such that V € Pand vx €
{0,1}" F(x) =1 < 3w € {0,1}" suchthatV(x,w) = 1.

Definition: A function G is NP-Hard if every F € NP can be

. F iS NP_Hard. reducedto G: F <, G.

Eq uivale ntIy: Definition: A function G is NP-Hard if 3SAT <, G.

Cook-Levin Theorem (Theorem 15.6 in the TCS Book):
For every F € NP, I <,, 3SAT.



Maximum Independent Set

Definition: For any undirected graph ¢ = (V,E), wesayasetS C VVisan
independent set if for allu, v € S, the pair (u,v) € E is not an edge.

For any undirected graph G and integer k, the Boolean function ISET is defined to
be ISET(G,k) = 1 iff G has an independent set of size at least k.

Example:

S1={A, I } v
S2={A,E F I } v
S3={B,D,G, H } X

ISET(G,3)= /| ISET(G,6)=



Max Independent Set:
- ? For any undirected graph G and integer k, the Boolean
IS IS ET N P Co m p I Ete * function ISET is defined to be ISET(G,k) = 1 iff G has an
independent set of size at least k.

e |SISET in NP?

e |sISET NP-Hard? 3SAT <y ISET?

What’s the reduction?
R € P such that for all x, 3SAT (x) = ISET(R(x)).

B3 CNF .
X1V Xy VX3)AN(X3VXy VX A(,“H'
A (X1V x5 V X3)
CF L

K
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How to reduce 3SAT to ISET?

ldea: to map each clause into & “gadget” satisfying
some (desired) properties.

(xlv Xo V x'g) N (ng XZ \% x4) N\ (x1V X, V x3)

S T




Gadget is triangle

(x1V x5 V X3) S L

/”“si




Connect Gadgets

“Two literals in two clauses are negation of each other” is the global constraint

= Put an edge as a constraint in ISET
(VX VX3)A(X3VX V)N (XV Xy VX3)




Formalize the proof

[ Letx bea3CNF, x = ¢{ A Cy ... A ¢, for some n.

-
. Reduction R@) is constructed as follows.

Foreachi € [n],c; =a;; Va;, V Qi3 for some literals a;;.

R(é): - //input is a 3CNF instance X =CGAG -
@~ (V,R)  y=F 3
E=% D
NnN=1:n

Output (G, n) // output is a ISET instance

L
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Formalize the proof

Let x be a 3CNF, x = ¢y A ¢y ... A ¢y, fOr some n.
Foreachi € [n], ¢; = a;; V a;; V a;3 for some literals a;;.
Reduction R(x) is constructed as follows.

R(x):
1. Let G = (V. E) be a graph of 3n vertices, V = {i1,i2,i3:i € [n]}.
2. The edges E is constructed as:
a. Foralli € [n], add edges (i1,i2), (i2,i3), (i1,i3) to E TV\;a«ij
b. Foralli,j € [n], if i # jand a;s = a;, for some s,t € {1,2,3},
add edge (is,jt) to E
3. Output (G,n)

15



Complete the proof with analysis

Let x be a 3CNF, x = ¢y A ¢, ... A ¢,, for some n.

Foreachi € [n], ¢; = a;; V a;; V a;3 for some literals a;;.

Reduction R(x) is constructed as follows. | | R(%):
1. LetG = (V,E) be agraph of 3n vertices, V = {il,i2,i3:i € [n]}.

2. The edges E is constructed as:

a. Foralli € [n], add edges (i1,i2), (i2,i3), (i1,i3) to E

b. Foralli,j € [n],ifi # jand a;; = a;; for some s,t € {1,2,3},
\ add edge (is,jt) to E
3. Output (G,n)

Analysis:
want 3SAT(x) = 4ISET(R(x)) and R € P.

KT () = | o - \(’(1(2 TSEVT(P (7\)):/
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Complete the proof with analysis

Let x be a 3CNF, x = ¢4 A ¢, ... A ¢, fOor some n.

Foreachi € [n], ¢; = a;; V a;; V a;3 for some literals a;;.

Reduction R(x) is constructed as follows.

Analysis:
If x is satisfiable, 3SAT(x) =1

R(x):
1. LetG = (V,E) be agraph of 3n vertices, V = {il,i2,i3:i € [n]}.
2. The edges E is constructed as:
a. Foralli € [n], add edges (i1,i2), (i2,i3), (i1,i3) to E
b. Foralli,j € [n],ifi # jand a;; = a;; for some s,t € {1,2,3},
add edge (is,jt) to E
3. Output (G,n)

&i}SN' (@ Exists assignment such that for each i, a;; = 1 for some s. @ (x )

( © U = {is:a;s = 1,i € [n]}is an indep set of size n for R(x) bcs forall j,t s.t. a;s = @, jt is notin U.
du

& ISET(R(x)) = 1.

Hence, 3SAT(x) = (ISET(R(x)) for all x. Also, we have R € P. Thus, 3SAT<,,ISET.

17




Framework of proofs

Precondition / notation

Let x be a 3CNF, x = ¢4 A ¢, ... A ¢, fOr some n.

Foreachi € [n], ¢; = a;; V a;; V a;3 for some literals a;;.

Reduction R(x) is constructed as follows. R (x): \

1. LetG = (V,E) be agraph of 3n vertices, V = {i1,i2,i3:i € [n]}.
2. The edges E is constructed as:

a. Foralli € [n], add edges (i1,i2), (i2,i3), (i1,i3) to E

b. Foralli,j € [n],ifi # jand a;; = a;; forsome s, t € {1,2,3},

. sclcladgelisiotak

£ is satisfiable, 3SAT(x) = 1 3. Output (G,n) A
& Exists assignment such that for each i, a; = 1 for some s.

© U = {is:a;s = 1,i € [n]}is anindep set of size n for R(x) bcs for all j, t s.t. a;s = @j¢, jt isnotin U.
& ISET(R(x)) = 1.

Hence, 3SAT(x) = (ISET(R(x)) for all x. Also, we have R € P. Thus, 3SAT<,,ISET. j

Analysis of reduction

Algorithm of reduction

18
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Review of this course



Big idea: Counting and Diagonalizing

Uncountable sets: Boolean functions, real numbers, ...
Countable sets: integers, strings

Uncomputable functions
Computable functions: Turing machines, DFAs, ...

All are infinite! Counting is way to go through them.

21



S1
S2

...........

8 =10111010808:41...

Class 5

_Are they the same (or comparable)?
— LR S1er¢

=00000000000...
= [N ] . . .
= (A0 el Bl A). . .
= AL ROl - . .
= 1. 18081 1. 0.0 Ul . ..
=00801101101140...
=10001000100...
=00110011001...
=11001100110...
91()=l]0111001()1

Proof. For all sets S, |pow(S)| > | S |.

Towards a contradiction, assume 3S. |[pow(S)| < |S].
By the definition of <, there must exist a surjective function g

from S = pow(S)

@%alaﬁg(a)m /2 2
T € pow(S)-(Obviously, its a subset of S.) =~ -
Since g is surjective, 3 u € S such that g(u) =T.

(1) ifu € g(u),thenu ¢T. (2)Ifu & g(u),thenu €T.
ButT = g(u),sou & g(u). ButT = g(u),sou € g(u).

Contradiction! So, there must not exist any S such that | pow(S)| < |S].

22



Big idea: Reductions

Reduction from problem A to problem B:
Solving (the instances of) A by
solving (the instances of) B

Show A is solvable if B is solvable (algorithms, DFA = RE)
Show B is hard if A is hard (uncomputability, NP hardness)

23



Class 22

Another way to imagine reduction

Reducing “task” A to “task” B, denoted by A <, B
1. Assume that algorithm My solves B
2. Design algorithm M, (that uses My as subroutine)

X ves / no /Which is easier, A or B
B

B may “look”
ier!
Bt cbon 5 easier! .

24
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Big idea: Code as Data, Data as Code

Natural
A higher order: questions / functions on code

Manipulate data / simulate code in reductions

Tool: universal circuit, universal Turing machine

25



Class 19

Is there a “Universal Turing Machine”?

H,.
AT
W——___ Universal
o _ . )TM,(x) ifwrepresents TM
el \} Turmg { 0 otherwise

We can simulate any Turing machine
using our favorite programming lang
(assume unbounded time & space).

26



Godel’s Incompleteness Theorem



What is a proof?

“Take any definite unsolved problem, such as .... However
unapproachable these problems may seem to us and however
helpless we stand before them, we have, nevertheless, the firm
conviction that their solution must follow by a finite number of
_purely logical processes...”, David Hilbert, 1900.
[0 Qﬁ\\ Coqu -

28



Mathematical statements

A mathematical statement is simply a piece of text,
binary string x € {0,1}

“The number 2,696,635,869,504, 783,333,238, 805,675,613, 588,278 597, 832,162 617,892 474,
670 798 113 is prime”.

The following Python function halts on every positive integer n

def f(n}:
it n : return
return f(3*n+1) if n else f{n//2)

29



Big idea: A proof is just a string of text whose
meaning is given by a verification algorithm.

Definition 11.2 (Proof systems)
Let T C {[}, 1}*"’ be some set (which we consider the “true” statements). A proof system for T is an
algorithm V' that satisfies:

-

1. (Effectiveness) For every z,w € {0,1}*, V (=, w]@vith an output of either 0 or 1.

2. (Soundness) Foreveryz & T andw € {0,1}* V(z,w) = 0.
| yer 7’ S -

Trivial: V(x,w) = 0 for all x,w (not useful).

30



Big idea: A proof is just a string of text whose
meaning is given by a verification algorithm.

—_— \/\ \ ~ '
l = { 2 1S P( YAAS S
Definition 11.2 (Proof systems)

Let T C {[], 1}* be some set (which we consider the “true” statements). A proof system for T is an

algorithm V' that satisfies:
1. (Effectiveness) For every z,w € {0,1}*, V(z, w) halts with an output of either 0 or 1.
2. (Soundness) Foreveryz & T andw € {0,1}* V(z,w) =0

A true statement & € T is unprovable (with respect to V') if for every w € {0,1}*, V(z,w) = 0.
We say that V' is complete if there does not exist a true statement & that is unprovable with respect

x € T is provable if exists w such that V(x,w) = 1.

V' is complete if for all x € T, x is provable.




Godel’s Incompleteness Theorem

Theorem 11.3 (Godel's Incompleteness Theorem: computational variant)

There does not exist a complete proof system for H. ] ]
Turing machines,

NotHaltOnZero

l

There is a set of true statements H, but:
H is incomplete for all prove system V

Some V can prove that x € H forsome x. — ndt )E‘IE

But exists x’ € H such that the same V can not prove.

32



Reduction fro A—slaltin@ to Incompleteness

Algorithm 11.4 Halting from proofs Sqme C/DM@\“LQ _&)My\ &/\Qy)s “@ \/
Input: Turing machine M h It l T t . f
P : Case 1, M haltsin T steps: i
Output: 1 M if halts on input 0; 0 otherwise. V always O’ Algo never retu rn O. — N
forin =123} Algo return lwhenn =T.
for{w € {0,1}"} X e“"\ ? -—g,
( if{l-"{’gf does not halt on [I‘", w) = i
— —— wy hatte  Case 2, M never halt:
i by £<FV  Algo never return 1.
Simulate M for . stepe o (. By V is complete, exists w of N bits such that
if{ M halts) o V( ) W) = 1.
return 1 Whenn = N, Algo return O.
—
endif
endfor

endfor 33




Student Experiences of Teaching



https://in.virginia.edu/CourseXperience
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