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Plan

Review for Final Exam

Gödel’s Incompleteness 
Theorem

1

Textbook [TCS] Section 11.2
https://introtcs.org/public/lec_09_godel.html#g%C3%B6de
ls-incompleteness-theorem-computational-variant 

Gemini generated cover image.

https://introtcs.org/public/lec_09_godel.html#g%C3%B6dels-incompleteness-theorem-computational-variant
https://introtcs.org/public/lec_09_godel.html#g%C3%B6dels-incompleteness-theorem-computational-variant


Module 0: Strings and Cardinality
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Cardinality of (Infinite) Sets
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Definition. Two sets have the same cardinality 
if there is a bijection between the two sets.
We denote this as 𝐴 = |𝐵|.
The cardinality of the set

[𝑘] =  𝑛 𝑛 ∈ ℕ ∧ 𝑛 < 𝑘 }
is 𝑘.  

Definition. If there exists a surjective function 
from sets 𝐵 to 𝐴, then we say the cardinality 
of 𝐵 is greater than or equal to the 
cardinality of 𝐴.
We denote this as 𝐴 ≤ |𝐵|.

A B

A B
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Definition. A set is Dedekind-infinite if and only if it has 
the same cardinality as some strict subset of itself.

ℕ is Dedekind-infinite:

Even

…
ℕ

Definition. A set 𝑆 is countable if and only if 
𝑆 ≤ ℕ .

We say 𝑆′ is uncountable if 𝑆′ is not countable.



Cantor’s Theorem:
(~1874)
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Georg Cantor 
(1845-1918)

For all sets 𝑆, 
𝑝𝑜𝑤 𝑆 > | 𝑆 |.

Note: this isn’t what the TCS book calls Cantor’s Theorem but is what most 
people call “Cantor’s Theorem”. Cantor came up with the diagonalization 
argument, with help from Dedekind. The proof we’ll see soon of Cantor’s 
Theorem is believed to have been first done by Hessenberg (1906).
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𝑦 ∈ ℕ g(y)[0] g(y)[1] g(y)[2] g(y)[3] g(y)[4] g(y)[5]

Assume 𝑔: ℕ → 0,1 ∞ a bijection.

Let s := (¬g(0)[0], ¬g(1)[1], ¬g(2)[2], ¬g(3)[3], … ). 
𝑠 ∈ 0,1 ∞ by definition of 0,1 ∞.
Is there any 𝑦 ∈ ℕ s.t. 𝑔 𝑦 = 𝑠?

Diagonal 
Argument
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Some Sets

• ℕ, binary strings 0,1 ∗, English strings, …
• Boolean functions {𝑓: 0,1 ∗ → 0,1 }
• Real numbers 
• 0. 𝑏0𝑏1𝑏2 … ∈ [0,1] in base 2 
• Infinite strings 𝑏0, 𝑏1, 𝑏2, … ∈ 0,1 ∞

Also, power sets or product sets of them.
Exercise: Compare their cardinality.



Module 1: Regular Expressions and
Deterministic Finite Automata
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Problems and Instances
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Definition. A problem is a subset 𝑃 ⊆ 0,1 ∗ of binary 
strings.

Definition. An instance (of a problem) is a binary string 
𝑥 ⊆ 0,1 ∗.



Convention (ie, Definition)

Problem = Language = Binary Function

Any binary string 𝑥 ∈ 0,1 ∗ is an instance.
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0,1 ∗
 

Yes

The subset of Yes instances: 
The Problem, or the Language,
or the Boolean function 
that outputs 1



Regular Expressions and DFA

DFA: 
easier to think as graphs

RE: We use the notation
frequently, eg,
140 = 11110

1𝑛 = repeat 1 for n times
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Reg-Fun = DFA-Comp

Can build DFA if and only if

Can build regular expression (with constructions).

Implication: Closure:
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• Functions differ from {DFA, Reg. Exp., Programs}.
• A function class is a set of functions (eg, Reg-Fun, DFA-Comp).
• Compare classes by constructions.



Module 2: Circuits
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Circuit: Built from “Boolean Gates”

A set of gates: {AND, OR, NOT}

Another set: {NAND}

Written as a DAG, or a “straightline program”
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def MED(X[0],X[1],X[2]):
firstpair = AND(X[0],X[1]) 
secondpair = AND(X[1],X[2]) 
thirdpair = AND(X[0],X[2]) 
temp = OR(secondpair,thirdpair) 
return OR(firstpair,temp) 

x[0]

x[1]

x[2]

firstpair

secondpair

thirdpair

temp

return



Universal Set of Gates

{AND,OR,NOT} is universal.

{NAND} is universal.

{AND,OR} is Not.
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Circuit Size, and Class SIZE(s)

Circuit size: number of gates in a circuit

SIZE(s): the set { function f  |  there exists s-gate circuit 
such that computes f}
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Is circuit 𝐶 ∈ 𝑆𝐼𝑍𝐸(𝑠)?

Category 
Error!
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𝑆𝐼𝑍𝐸(𝑠)

𝑆𝐼𝑍𝐸𝑛(
2𝑛

10𝑛
), many f.

All 𝑛-bit functions, 0, 1 𝑛 → {0, 1}

𝑆𝐼𝑍𝐸 𝑠

10𝑛 < 𝑠 < 0.1 ⋅ 2𝑛/𝑛

𝑆𝐼𝑍𝐸(𝑠 + 10𝑛) Exists function here

𝑆𝐼𝑍𝐸(𝑠 + 20𝑛)

𝑆𝐼𝑍𝐸(𝑠 + 30𝑛)

Exists function here

Exists function here



Module 3: Turing Machines and 
Computability
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Turing Machine
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⊳ 0 0 1 1 1 ∅ ∅ ∅ …

Transition

Semi-infinite tape (memory)

Tape initially 
contains the input 
followed by blanks

If transition “halts”, 
→ tape contains 
the output



RAM is equivalent to One-Tape TM 

RAM ≡ Two-Tape-TM ≡ One-Tape-TM 

≡ (Ideal) Python ≡ { other program langs}

≡ Conway’s Game of Life, Minecraft, (infinite) 
Minesweeper, (infinite) Magic: The Gathering

20

All are Turing Complete computation models!



Computability
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Definition (Definition 7.2):
For any Boolean function 𝐹: 0,1 ∗ → 0,1 ∗ and any Turing Machine 
𝑀, we say 𝑀 computes 𝐹 iff for all 𝑥 ∈ 0,1 ∗, 𝑀 𝑥 = 𝐹(𝑥). 

We say 𝐹 is computable if and only if there exists a Turing machine 𝑀 
such that computes 𝐹.



Rice’s Theorem (9.15)
Definition 9.14:

Two machines 𝑀1, 𝑀2 are functionally equivalent (denoted 𝑀1 ≡ 𝑀2) 
if ∀𝑥 ∈ 0,1 ∗, 𝑀1 𝑥 = 𝑀2(𝑥)

A function 𝐹: 0,1 ∗ → {0,1}, defined on Turin machines, is semantic if for every pair of functionally 
equivalent TMs (𝑀1, 𝑀2), 𝐹 𝑀1 = 𝐹 𝑀2 .
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If 𝐹 is a sematic property, then either 𝐹 is 
uncomputable, or 𝐹 is trivial.

By definition, 𝐹 is trivial iff for all Turing machine 𝑀,
𝐹 𝑀 = 0
𝐹 𝑀 = 1



Proof by Reduction
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Proof: If HALT is computable, then NSA is also 
computable…

𝑁𝑆𝐴(𝑥) = ቊ
0, if 𝑇𝑀𝑥 𝑥 = 1
1,  otherwise

 

𝐻𝐴𝐿𝑇(𝑤, 𝑥) = ቊ
1, if 𝑇𝑀𝑤 terminates on 𝑥
0,  otherwise

 

1. Assume 𝑀𝐻𝐴𝐿𝑇 computes HALT
 

2. Construct 𝑀𝑁𝑆𝐴 𝑥

3. Prove that 𝑀𝑁𝑆𝐴 computes NSA 
(assuming 𝑀𝐻𝐴𝐿𝑇 computes HALT)



Module 4: Complexity and 
Classes P, EXP, NP

24



Time Complexity Classes

25

P = ڂ𝑐∈ℕ 𝑇𝐼𝑀𝐸𝑇𝑀(𝑛𝑐) EXP = ڂ𝑐∈ℕ 𝑇𝐼𝑀𝐸𝑇𝑀(2𝑛𝑐
)

Definition (13.1):

𝑇𝐼𝑀𝐸TM 𝑇 𝑛  is the set of functions for which a Turing Machine 𝑀 exists such 

that 𝑀 halts after at most 𝑇 𝑛  steps for all 𝑛-bit input and 𝑀 computes the 
function. 

P and EXP are robust to machine definitions
(eg, Python or pseudocode algorithm)



Compare Problems:
Polynomial-Time Reduction
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Maybe the most important 
technique / concept in this course!



The Class NP
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The Class P

Functions that can be 
computed in polynomial time 
by a standard Turing Machine.

Functions that can be verified in 
polynomial time by a standard 
Turing Machine.

Correctness of a 1 output 
can be verified in polynomial 
time given a witness.

ራ

𝑐∈ℕ

𝑇𝐼𝑀𝐸𝑇𝑀(𝑛𝑐)
A function 𝐹: 0, 1 ∗ → 0, 1  is in NP if there exists some 
𝑎 ∈ ℕ+and 𝑉: 0, 1 ∗ → 0, 1  such that 𝑉 ∈ 𝐏 and ∀𝑥 ∈

0, 1 𝑛, 𝐹 𝑥 = 1 ⇔ ∃𝑤 ∈ 0, 1 𝑛𝑎
 such that 𝑉 𝑥, 𝑤 = 1. 



NPP
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3𝑆𝐴𝑇

𝑆ℎ𝑜𝑟𝑡𝑒𝑠𝑡𝑃𝑎𝑡ℎ

Unknown if 3𝑆𝐴𝑇 ∈ P Known that 3𝑆𝐴𝑇 ∈ NP 

𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝑃𝑎𝑡ℎ

𝐶𝑖𝑟𝑐𝑢𝑖𝑡𝑆𝐴𝑇

𝑆𝑂𝑅𝑇
EXP



NP-Hard and NP-Complete

Definition: A Boolean function 𝐺 is NP-Hard
if every 𝐹 ∈ 𝐍𝐏 can be reduced to 𝐺: 𝐹 ≤𝑝 𝐺. 
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P NP
NP-Hard

Definition: A function 𝐺 is NP-Complete if 𝐺 ∈ 𝐍𝐏 
and 𝐺 is NP-Hard.
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Cook-Levin Theorem

(Theorem 15.6 in the TCS Book):
For every 𝐹 ∈ 𝐍𝐏, 𝐹 ≤𝑝 3SAT.

Equivalently: 3SAT is (in) NP-Hard

By reductions from 3SAT, other problems are also proven 
NP-Complete, eg, LongestPath, 3-Coloring, Independent Set, and 
many optimization, including games.



Gödel’s Incompleteness Theorem

31



What is a proof?

“Take any definite unsolved problem, such as …. However 
unapproachable these problems may seem to us and however 
helpless we stand before them, we have, nevertheless, the firm 
conviction that their solution must follow by a finite number of 
purely logical processes…”, David Hilbert, 1900.

32



Mathematical statements

A mathematical statement is simply a piece of text, 
binary string 𝑥 ∈ 0,1 ∗.

1+1 = 2

1+2 = 4

1+2+ … + n = n(n+1)/2

+=1

33



Big idea: A proof is just a string of text whose 
meaning is given by a Verification Algorithm.

34

Trivial: V(x,w) = 0 for all x,w   (not useful).

E.g., 𝑇 = {"1+1=2"}, or 𝑇 = {}



False statement: No sound proof 𝑤
True statement: want a proof 𝑤

35

𝑥 ∈ 𝑇 is provable if exists 𝑤 such that 𝑉 𝑥, 𝑤 = 1.
𝑉 is complete if for all 𝑥 ∈ 𝑇, 𝑥 is provable.



Gödel’s Incompleteness Theorem

36

There is a set of true statements 𝐻, but:
𝐻 is incomplete for all prove system 𝑉

Some 𝑉 can prove that 𝑥 ∈ 𝐻 for some 𝑥.
But exists 𝑥′ ∈ 𝐻 such that the same 𝑉 can not prove.

𝐻 = {"M not halt on 0" | Turing Machine 𝑀 not halt on 0 }



Reduction from Halting to Incompleteness

37

Case 1, 𝑀 halts in 𝑇 steps:
𝑉(𝑀, 𝑤) always 0, Algo never return 0.
Algo return 1 when 𝑛 = 𝑇.

Case 2, 𝑀 never halt:
Algo never return 1.
By 𝑉 is complete, exists 𝑤 of 𝑁 bits such that
𝑉(𝑀, 𝑤) = 1.
When 𝑛 = 𝑁, Algo return 0.



Logistics

38

• Final Exam: Monday, 4 May, 2:00pm - 4:00pm.
(We use only 2 hours.)

• Module 4 (Complexity) roughly 1/3 weight, other 
Modules roughly same (1/6 each).

• Wei-Kai’s office hour is available next Monday, or by 
appointment.

• Quiz? Previous Exams



https://in.virginia.edu/CourseXperience
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